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Tree transducers of linear size-to-height increase

(and the additive conjunction of linear logic)

Luc Dartois
Université Marie et Louis Pasteur
France

Abstract

We investigate a natural generalization to trees of Hennie machines,
a known automaton model for regular string functions. Tree-to-
tree Hennie machines are tree-walking tree transducers with the
ability to rewrite the node labels of their input tree, subject to a
bounded visit restriction. Interestingly, they do not merely compute
regular tree functions (i.e. MSO transductions), but a larger class
of functions with linear size-to-height increase (LSHI).

We prove that this class sits between LSHI macro tree transducers
(MTTs) and MSO set interpretations. To argue for its robustness, we
show that it is closed under precomposition (resp. postcomposition)
by MTTs of linear size (resp. height) increase. As a consequence, it
contains the entire composition hierarchy of MTTs of linear height
increase; we also prove that this composition hierarchy is strict.

Finally, we give an alternative characterization of this function
class based on a A-calculus with linear types. The key difference
with similar characterizations of MSO transductions is the use of
additive tuples in the encoding of output trees. Our equivalence
proof, using game semantics / geometry of interaction, is heavily
inspired by an analogous result on higher-order recursion schemes.

Keywords
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1 Introduction

Macro tree transducers (MTTs) are an automata model for tree
transformations first introduced by Engelfriet and Vogler in the
1980s [21, 22]. There have been many developments concerning
MTTs since then; one starting point of this paper is the recent:

THEOREM 1.1 (GALLOT, MANETH, NAKANO & PEYRAT [28]). Given
a macro tree transducer computing a function f on ranked trees, one
can decide whether it has:
linear height increase (LHI): height(f(¢)) = O(height(t))
linear size-to-height increase (LSHI): height(f(¢)) = O(|t|)

Compare this to an important result from a quarter century ago:

THEOREM 1.2 (ENGELFRIET & MANETH [20]). Given an MTT com-
puting a function f on ranked trees, one can decide whether it is of
linear size increase (LSI). Furthermore, if it is, then one can trans-
late it to an Monadic Second-Order transduction that defines f.
(Conversely, every MSO transduction can be translated into an MTT.)

This seems more informative than the statement of the analogous
Theorem 1.1: in addition to decidability, it gives us an equivalence
between LSI-MTTs and a completely different formalism for de-
scribing functions from trees to trees, based on MSO logic. This
equivalence is a consequence of the strategy for decidability: it
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CNRS & Aix-Marseille Université
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comes from boundedness properties on the runs of (suitably nor-
malized) MTTs that characterize the LS| property.!

Similar boundedness properties arise in the decision procedure
for Theorem 1.1. Hence the question: what consequences can we
draw concerning MTTs of linear (size-to-)height increase? We show
that they can be translated to MSO set interpretations (MSO-SI),
an extension of MSO transductions from the 2000s [10] recently
studied? by Lhote et al. [24, 27]. More than that: to prove this
comparison in expressive power, we find it enlightening to consider
an intermediate model of independent interest:

LSHI-MTT C tree-to-tree Hennie machines ¢ MSO-SI

In fact, this new machine model is our actual main topic here. Recall
that a Hennie machine [17, Section 7] is a Turing machine:

e with a single read/write input tape and a write-only left-to-
right output tape;

o whose tape head must stay within the original bounds of
the input string (that is, the only usable memory is the
space initially occupied by the input);?

e visiting each cell of the tape a bounded number of times.*

In other words, it is a bounded-visit two-way transducer extended
with the ability to use the positions of input letters as mutable
memory cells. In this informal description, replacing the two-way
string transducer by its usual generalization to trees, namely the
tree-walking tree transducer (see e.g. [11, Chapter 8]), results in the
notion of tree-to-tree Hennie machine (THM).

Claim 1.3. THMs have linear size-to-height increase.

Proor 1DEA. The bounded visit property forces THMs to ter-
minate in linear time. In the tree-to-tree case, the branches are
produced in parallel by forking processes, each taking linear time.
We give a more rigorous proof in Section 3.2. O

Just as recent works on polyregular functions [4, 37] seem to
answer “what string-to-string functions of polynomial size increase
can be computed by ‘reasonable’ transducers”, we envision our

!Reducing various quantitative decision problems to boundedness questions is a gen-
eral idea with wide-ranging applicability in automata theory, see e.g. [1, 9]. Note also
that using a quite different approach, Gallot, Lhote and Nguyén [27] gave alternative
proofs of Theorem 1.2 and of a generalization of the LSHI half of Theorem 1.1.

Let us also mention the work of Bojanczyk et al. [5, 6] on string-to-string MSO
interpretations, an intermediate case between transductions and set interpretations.
They are one of the equivalent characterizations of polyregular functions.

3Actually, this condition does not appear in Hennie’s original work [34, Section ILC]
on language recognition by bounded-visit Turing machines, nor in its subsequent
extension by Rajlich [48] to string outputs. However the name “Hennie machine”
seems be consistently used to refer to a machine model that satisfies this restriction
on the tape head, starting with its introduction by Engelfriet and Hoogeboom [17, §7]
(for later examples, cf. [31-33]).

4Guillon, Pighizzini, Prigioniero and Prtia [31-33] define Hennie machines (as lan-
guage acceptors) by a linear-time restriction instead of a bounded-visit restriction, but
these are effectively equivalent, see [32, Lemma 1] or [34, proof of Theorem 3].
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LHI-MTT o THM

\ / Theorem 7.9

LSHI-MTT ———— > tree-to-tree Hennie Machines (THM)

Closure properties

Corollary 4.8
Inclusions

Corollary 8.

THM o MSO transductions

Theorem 5.3

MSO-SI

/ Theorem 7.1\

Equivalences

affine A-transducers with additive branching ———— actor-based tree transducers

Figure 1: Summary of the main results. An arrow indicates inclusion of function classes.

study of tree-to-tree Hennie machines as a contribution towards
understanding “what LSHI functions can be computed by ‘reason-
able’ transducers”. The class of functions computed by THMs does
not seem to coincide with any previously defined formalism.> Yet
we argue that it is robust, by exhibiting closure properties and alter-
native characterizations. These results are summarized in Figure 1;
the rest of this introduction discusses them further.

Closure properties. We show that the functions computed by THM

(1) are regularity reflecting, i.e. the inverse image of a regular
tree language is effectively regular (Corollary 8.1);

(2) are closed under precomposition by MSO tree transduc-
tions (i.e. macro tree transducers of linear size increase);

(3) are closed under postcomposition by LHI-MTTs.

As a consequence, THMs subsume the composition hierarchy of
LHI-MTTs, whose strictness we also show (Corollary 9.1).

The proof of the third item relies on characteristics of LHI-MTTs
uncovered in Gallot et al’s proof of Theorem 1.1, as discussed at
the beginning. We relate these characteristics to a “narrow-visit”
condition on THMs. Narrow-visit implies LHI, and a large part of
the proof consists in showing: [narrow-visit THM] o THM = THM
(Theorem 8.4).

For the first two items above, it is convenient to use our alterna-
tive characterization, due to its good compositional properties.

A-calculus characterization. We prove that THMs are expres-
sively equivalent to affine® A-transducers with additive branching.

This is a formalism in the style of linear higher-order tree trans-
ducers [26, 46] or “implicit automata” [44, 45, 47]. Compared to
these works, we extend the type system of these affine A-transducers
with the additive conjunction ‘&’ of linear logic, and use it’ in the
encoding of output trees to group the children of a node. Intuitively,
this means that the affineness restrictions apply separately for each
output branch (just like the bounded-visit restriction of our Hennie
machines) rather than globally.

This is a natural idea in the context of the previous work of
Clairambault and Murawski [8]. They prove that two formalisms
generating infinite trees are expressively equivalent: one based
on affine A-calculus and using additive branching, the other based
on automata whose infinite memory is subject to a bounded-visit
condition. Our own proof is a direct adaptation of theirs.

SThough in the tree-to-string case, it collapses to MSO transductions (Corollary 5.4).
In the string-to-string case this was one of Engelfriet and Hoogeboom’s main results
on Hennie machines [17, Theorem 26].

®In the A-calculus, a linear (resp. affine) function uses its argument exactly (resp. at
most) once. Affineness is closer to the “single use restrictions” in automata theory.

7 An idea originating in the work of Clairambault, Grellois and Murawski [7].

e To compile A-transducers into THMs, we reuse a form of
finite-memory geometry of interaction® developed in [8].
This involves a detour through yet another model of com-
putation, based on communicating finite-state processes
that we call “actors”’

e The converse translation is more technically elementary,
but of broader significance in the grand scheme of things:
it gives us regularity reflection. In a paper closely related
to our work [2], some colleagues!® leverage this result to
prove that string-to-string MSO-SI are regularity-reflecting
— with the side effect of settling an old open problem on
automatic structures, cf. [24, §1]. One initial impetus for
our work, actually, was to provide this piece of the proof
of [2]. The use of “yield-Hennie machines” in [2] led us to
introduce and study tree-to-tree Hennie machines more
generally, with an independent motivation coming from
the line of work on MTTs described previously.

Remark 1.4. Without the affineness constraint, simply typed
A-transducers subsume virtually all transducer models (for both
strings and trees) from the literature, see e.g. [44, §1.4.1].

Regularity reflection for A-transducers (cf. [29, §5.3.1] or [44,
Corollary 1.4.1]'!) is a straightforward application of the naive set-
theoretic semantics of the simply typed A-calculus: if we interpret
the base type as a finite set of states, then all higher-order types
are also interpreted as finite sets, and A-terms are interpreted as
elements of these sets. This technically simple yet conceptually
deep idea underlies several connections between automata theory
and A-calculus, from the use of finitary denotational semantics
in higher-order model checking [30, 51] to the theory of regular
languages of A-terms [42, 43, 49]. Let us note that Clairambault
and Murawski’s aforementioned [8] comes from a line of work
motivated by higher-order model checking [7, 41].

Plan of the paper. In Section 2 we fix some notations and recall
some generalities on tree automata/transducers. In Section 3 we
introduce unrestricted tree-to-tree Hennie machines, the bounded-
visit restriction (defining THMs) and the narrow-visit restriction,
as well as some features extending THMs. The three sections that
follow are independent; we translate:

8The name “Geometry of Interaction” refers to a family of semantics (both operational
and denotational) of linear logic and A-calculi, closely related to game semantics.
9They were originally called “transducers” [8, §3.2], but we avoid this name here to
avoid confusion. The name “actor” alludes both to the geometry of interaction and to
the more general “Actor model” of message-passing computation [12, 35, 39].

19 Anonymous for the sake of double-blind review.

1 Corollary of Hillebrand and Kanellakis’s [36, Theorem 3.4], which is the origin of
Nguyén and Pradic’s aforementioned “implicit automata” research programme.
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e LSHI-MTTs to THMs in §4;
o THMs to MSO set interpretations in §5;
e actor-based tree transducers to THMs in §6.

In §7 we use actors to relate THMs and A-transducers, and deduce
the closure by precomposition by MSO transductions. In §8 we
look at postcomposition properties: we prove regularity reflection
(via A-transducers) and postcomposition by LHI-MTT. Finally, in
§9 we study the LHI-MTT composition hierarchy.

2 Notations & preliminaries

A ranked set is a set ¥ endowed with a function rank: ¥ — N. A
finite ranked set is called a ranked alphabet. We use the notations
»®) = {s € 3 | rank(o) = k} and Ry = max(rank(X)). We use [k]
as a shorthand for the set {1,...,k}.

A tree t over a ranked set ¥ is defined by:

e anonempty prefix-closed domain Dom(¢) C [Rx]*, whose
elements are called the nodes of t;
e amap lab,;: Dom(t) — 2, the labeling of ¢, such that

Vu € Dom(t), {i € N |ui € Dom(t)} = [rank(lab;(u))]

Thus, we also refer to rank(lab, (u)) as the rank of the node u.
We write Ty, for the set of trees over 2, and when> NY = &,

Ts(Y) =Tsuy

In other words, the elements of Ty (Y) are like trees over ¥ except
that some leaves may have labels from Y.

The axioms entail that Dom(#) contains the empty sequence &;
it is called the root of t. The leaves are the rank 0 nodes, or equiv-
alently, the maximal nodes for the prefix ordering. This ordering
is also called the ancestor relation on nodes, and its converse is
the descendant relation. For u € Dom(t) \ {¢}, we write u7 for the
parent of u, i.e. the unique node for which 3i € [Rz] : u = (u])i.

We write Dy = {T} U [k] for the set of directions we can move
in from a node of arity k in a tree, where T represents the upward
direction towards the parent. According to the previous notations,
if u # ¢ is a rank k node of a tree t and d € Dy, then ud defines a
node in ¢ (one of the neighbors in u).

A partial branch b of t is the downward closure of a node s — its
endpoint — in Dom(¢) with respect to the prefix order. A branch, or
total branch for disambiguation purposes, is a partial branch whose
endpoint is a leaf.

The size |t| of a tree t is the cardinality of its domain. Its height
height(t) is the maximum size of its branches minus one.

For a node s in a tree t, the subtree of t rooted at s is defined by:

with rank(y) =0Vy eY

Dom(t[s) = {u € [Rg]" | su € Dom(¢)}
lab;} (1) =lab,(su)

The substitution of s by t’ in t is obtained from t by replacing the
subtree rooted at s by ¢ — formally:

Dom(t[s « t']) = (Dom(¢) \ {s} - [Rg]") U {s} - Dom(r)

laby (v)
lab, (u)

if u = sv for some v € Dom(r)

labt[s<—t’] (u) = {

otherwise

In this paper, it is often (but not always) the case that in such a
substitution, s is a leaf; we then speak of a first-order substitution.

For two families & = (o;) of distinct letters and ' = (t]) of trees
with the same indices, we denote by t[& « '] or t[0; « t] Vi] the
simultaneous substitution of all nodes of ¢ with label o; of ¢ by ]
(recall that this replaces the entire subtrees rooted at these nodes).
In the case of a singleton family we write t[o « t'].

For o € Y ofrank k and ty, ..., t; € Ty, we write o(¢1,..., fx) for
the unique tree whose root has label o and whose subtree rooted
at the node i is t; for all i € [k]. Every tree can be uniquely decom-
posed this way; since |t;| < |o(ty, ..., t;)| this allows reasoning by
structural induction.

2.1 A running example

Let X¥*@ = {a, b} with rank(a) = 2 and rank(b) = 0. We define
pbt: N — Tyexa (for “perfect binary tree”) by:

pbt(0) = b pbt(n + 1) = a(pbt(n), pbt(n)) forn e N
and our running example exa: Tsexa — Txexa by
exa(t) = pbt(| Dom(t) N 1"2%])

In other words, height(exa(t)) counts the number of nodes of ¢
that are reached from the root by paths that cannot take a “turn”
from going right to going left. This function has:

exponential size increase: on inputs a(b,...a(b,b)---);

linear size-to-height increase: height(exa(t)) < |t[;

quadratic height increase: the number of words in 1*2* of
length at most nis (n + 1)(n + 2)/2.

2.2 Classical tree automata
A deterministic bottom-up tree automaton over ¥ consists of:

o afinite set Q of states;
e for each o € 3, a transition function §[c]: Q™k(@) — Q.

We may identify §[o] with an element of Q when rank(o) = 0. As
usual, this can be extended to §[t] € Q for every tree t € Ty by
structural induction: 6[o(ty,...,t)] = 6[c](8[t1],. .., S[tk])-

We shall be concerned with two extensions of deterministic
bottom-up tree automata with additional data:

e A bottom-up recognizer comes with a subset F ¢ Q of
accepting states. It accepts the language {t | 5[¢] € F}. The
languages that can be defined this way form the well-known
class of regular tree languages.

o A bottom-up relabeler comes with a rank-preserving map
p: 2 X Q — TI'. It defines a shape-preserving tree-to-tree
function, called a bottom-up relabeling: for k = rank(o),

[[R]] TZ e Tr
o(ty,....tx) > p(o,6[o(ty,..

(where R is the relabeler)

2.3 Tree-generating machines
We recall from [46, §3] a lightweight formalism for describing
various tree transducer models. A tree-generating machine with
output alphabet I' is made of:

o a set Conf of configurations;

e an initial configuration Ciy;; € Conf;

o a (partial) computation-step function Conf — Tr(Conf).

Tr(Conf) should be seen as a set of global states of a computation:
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o the nodes with labels in T are part of the eventual output
tree, which is being produced in a top-down fashion;

o the leaves with labels in Conf correspond to processes run-
ning in parallel, each in charge of producing one of the
remaining subtrees of the output.

By taking rewrite rules that substitute a leaf by the image of its
label by the computation-step function, we get a confluent rewriting
system on Tr(Conf). A run is a rewriting sequence starting from
Cinit- By confluence, there is at most one tree in Tr that can be
reached by the runs (indeed, such trees are normal forms). If it
exists, we call it the output of the machine.

To define the semantics [T]: Tx — Tr of a tree transducer 7, our
methodology is to specify how to build a tree-generating machine
from 7 and a given input tree t € Tx, depending on the transducer
model. The output of this tree-generating machine is then used as
the definition of [77](¢).

2.4 A branchwise semantics

It is often useful to reason on the trajectory of a single process
producing one of the output branches, rather than the entire family
of processes producing the output tree in parallel. This is why
we propose an alternative presentation of the semantics of a tree-
generating machine, which does not appear in [46].

Let I be the ranked output alphabet. We define the set of branch
words of a tree over T by structural induction:

brawo(y) = {y} when rank(y) =0
brawo(y(ty,...,%)) = U(y, i) - brawo(¢;) when k > 1
i

Claim 2.1. Fort € Tr, b = (y1,i1) - .. (Yns in)Yn+1 € brawo(#):

o lab;(iy...ip) = yps1 forall £ € {0,...,n};
e mapping b to {¢, iy, ..., (i1 ...i,)} defines a size-preserving
bijection from brawo(t) to the total branches of ¢.

Consequently, brawo: Tr — P(f*l"(o)) is injective, where
T={(y,i)|yeTl, ie{1,...,rank(y)}}

We therefore aim to characterize the output of a tree-generating
machine (with the notations of the previous subsection) through
its branch words. To do so, we consider a labeled transition system
over Conf UT(® with labels in T*.

Definition 2.2. Let C € Conf, b € T*and x € ConfUT©,
b def
Chx & bxe brawo(computation-step(C))

b
As expected, we define x —* y by the existence of some decom-
position b = by ... b, that labels some path

b bn
X=X0—...—Xp =Y

This is an instance of labeled transition system with monoidal struc-
ture on labels, see for instance [50, Example 2.3].

Claim 2.3. If the output of the tree-generating machine exists,

b
then its set of branch words is {by | Cinir =™ y}-

In general, we refer to a path starting from Cjp;; (not necessarily
ending on an element of () as a branch-outputting run.

3 Tree-to-tree Hennie machines
3.1 Unrestricted THMs: definition & semantics

Definition 3.1. An unrestricted tree-to-tree Hennie machine (uTHM)
isatuple H = (O, M, T, %, T, qinis, §) where:
Q is the finite set of states of H;
M is the finite set of memory symbols of H;
T € M is the initial memory value of H;
Y (resp. T') is the ranked input (resp. output) alphabet;
Qinit € Q is the initial state of H;
§: OXEIXM — Tr(Q X M x Dgy) is the (partial) transition
function of H, such that forall o € X,

6(Q X {O'} X M) - TF(Q X M X Drank(a))

The semantics of this uTHM has been informally sketched in
the introduction. To describe it rigorously, we use the formalism of
tree-generating machines. We start with its configurations over an
input t € Ty: they are tuples (u, g, i) where

e uis anode of t, the current position;
e g € Q is the current state;
e 1: Dom(t) — M describes the current memory values.

For such a configuration and (q’, m,d) € Q X M X Dgy, let

W) =m

.4, ",m,d) = (ud.q, /') wh
(w,q,1)©(q',m.d) = (ud, q', ji") where {’u/(v):’u(u)forviu

— the machine “writes the symbol m in memory at the current
position u before moving to the new position ud”. The result of this
operation is undefined if ud ¢ Dom(t).
We extend the definition of S to Tr(Q X M X DR, ) by application
to the leaves; inductively: CO y(t1,...,tx) =y(COHt, ..., CO ).
Let Conf(H, t) be the set of configurations of the uTHM H on
the input tree t. The computation-step function is

Conf(H,t) — Tr(Conf(H,t))
(u,q. ) = (u,q, p) © 6(qlaby (w), p(u))
Finally, the initial configuration is Cinit(t) = (€, qinir, (0 > T)).

Example 3.2. We give a uTHM that computes exa from §2.1.

o There are 2 states, qq (initial) and ¢;.
e There are 4 memory symbols T, L, R, "X.
o The transitions are (undefined in the 2 unspecified cases):

(qu a, T) = a((qla L’ 2)’ (QL L) 2)) (q03 b9 T) = a(b’ b)
(q1,4,7) = a((q1.R.2), (q1,R.2))  (q1,a,L) = (qo,"&, 1)
(q1,5, T) = a((qi. 2 1), (¢, 1) (qu.aR) = (q1.)K 1)

On an input tree ¢t € Tsexa, all branch-outputting runs ending in
b traverse the same configurations in the same order; the only
difference is in the labels ((a, 1) vs. (a,2)). Such a run starts by
writing L to the root, and going down to the right child in state g;.
It then goes right, writing R in memory on all encountered nodes,
until it reaches a leaf. It then starts going up while writing I on
the visited nodes (including the leaf) until it reaches a node where
the memory is L. After having thus visited all nodes in Dom(#) N 2*,
it then moves to the left child of the root, which has not yet been
visited, and switches back to the initial state go. The computation
then proceeds as it did before on the subtree rooted at the left child.
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Note that the transitions only output a node a when the current
memory is T, which ensures that each input node is counted at
most once when determining the output height.

3.2 The bounded-visit restriction

Remark 3.3. A uTHM computing a string-to-boolean function
(i.e. max(rank(X)) = 1and T = {true : 0, false : 0}) is the same
thing as a deterministic linear bounded automaton. It is well known
that this automaton model can recognize at least all context-free
languages [40, Theorem 3] while its nondeterministic variant rec-
ognizes precisely the context-sensitive languages [40, Theorem 1].

In order to stay within the realm of “finite-state computability”
we shall therefore impose the bounded-visit restriction. The latter
can be conveniently defined by using the branchwise semantics.

Definition 3.4. Let H be a uTHM with input alphabet 3.

The number of visits of a branch-outputting run of / at a node
u (resp. a set of nodes S) of the input tree is the number of configu-
rations in the path whose current position is u (resp. is in S).

H is bounded-visit on an input language L C Ts, whenever there
is a uniform bound N such that, for any ¢ € L, any node u of ¢ and
any branch-outputting run on the input ¢, the number of visits at u
is at most N. A tree-to-tree Hennie machine (THM) is a uTHM that
is bounded-visit on all inputs (L = Ty).

Example 3.2 is a THM: it visits each node at most twice.
We can now establish linear size-to-height increase rigorously.

ProoF oF CramM 1.3. By definition of height & Claims 2.1/ 2.3,
height([H](t)) = max{|b| | Jy : by € brawo([H](t))}
= max{|br...bel | 3y : Conie (1) 25 ... 25 1

The labeled transition system — for H has labels derived from
the branch words of the range §(Q X ¥ X M) of the transition
function of H (to see this, unfold the definition of the computation-
step function). Since this range is finite, |b;| = O(1) in the above
description, so |b; ...b,| = O(¢). Finally, £ = O(|t|) because any
branch-outputting run of a THM visits each of the [¢| nodes O(1)
times — this is the bounded-visit restriction. O

Remark 3.5. Unfortunately, it is undecidable whether a uTHM
is a THM, already in the string-to-boolean case [32, Theorem 1 +
Lemma 1]. However, given an explicit bound, we have a decidability
result (Corollary 5.5).

We also define the number of downwards visits of a branch-
outputting run of a uTHM at an input node u by counting the
occurrences of transitions of the form (uT,...) — (u,...) (thus,ifu
is the root, this number is zero). The following property guarantees
that “bounded-downwards-visit” is the same thing as bounded-visit.

Claim 3.6. The number of visits at a node is at most the sum of
the numbers of downwards visits at this node and at its children.

Proor. Along a branch-outputting run, the position of a uTHM
moves locally, therefore every upwards visit of u from ui must have
been preceded by a downwards visit of ui from u. O

3.3 Weight-reducing THMs & totality

The bounded-visit restriction is defined semantically. We present
here a syntactic counterpart, taken from [32] for Hennie machine
as acceptors of string languages.

Definition 3.7. A uTHM with the set M of memory symbols and
the transition function § is weight-reducing if there exists a partial
order on M such that

o the initial symbol T is maximal;
o for every m € M, only memory symbols that are strictly
smaller than m appear in §(. .., ..., m).

For instance, Example 3.2 is weight-reducing (T > L,R > "X).
The following result may be compared with [32, Lemma 2].

PRrROPOSITION 3.8. Every weight-reducing uTHM is a THM.
Conversely, given a uTHM H and N € N, one can compute a
weight-reducing THM H’ such that [H’] is a total function and:
e fort in the domain of [H] s.t. all branch-outputting runs of
H wvisit at most N times each node, [H'](t) = [H](t);
e on other inputs, H’ returns an output that contains some
chosen default leaf symbol.

In particular, if H is a THM whose number of visits is uniformly

bounded by N, then [H] € [H'].

Speaking of totality, the semantics of a THM is naturally a partial
function, but we focus on the case when the function happens to be
total. This restriction is not very significant: as we explain below
(Corollary 5.5), the domain of a partial THM is effectively regular.

3.4 The narrow-visit restriction

Recall that a chain in a partially ordered set (poset) is a totally
ordered subset, while an antichain is a subset of pairwise incom-
parable elements. When we say that a set of nodes in a tree is an
antichain, we mean with respect to the ancestor ordering.

Definition 3.9. A uTHM H is narrow-visit on an input language
L whenever there is a uniform bound N such that, for any t € L,
any antichain S of t and any branch-outputting run on the input ¢,
the number of visits at S is at most N.

We rephrase the narrow-visit property by combining a basic ob-
servation with a classical duality theorem (which is closely related
to other dualities in combinatorial optimization, cf. [25]).

THEOREM 3.10 (DILWORTH [14]). A poset is covered by the union
of N < co chains iff all its antichains have cardinality at most N.

Claim 3.11. For a set of tree nodes, the following are equivalent:

e it is a chain (for the ancestor ordering);
e it is included in some branch of the tree.

COROLLARY 3.12. An uTHM H is narrow-visit on an input lan-
guage L if and only if the two following conditions hold jointly:
o H is bounded-visit on L;
o for every branch-outputting run whose input tree is in L, the
set of visited nodes (i.e. those with a nonzero number of visits)
is included in the union of O(1) input branches.

COROLLARY 3.13. If a uTHM is narrow-visit on all inputs, then it
is a THM and it has linear height increase.
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ProOOF. As we have seen when proving Claim 1.3, the output
height is at most linear in the length of branch-outputting runs. On
an input ¢, such a run visits O(1) branches, each of which has at
most height(#) + 1 nodes, and each node is visited O(1) times. O

3.5 Basic extensions

To conclude Section 3, we present three additional features that can
be added to uTHMs and THMs. We show that these extensions are
conservative, i.e. do not lead to an increase in expressive power.

Stay-instructions. The positions of two successive configurations
of an uTHM are always distinct neighbors. We extend the syntax
of transitions to allow staying on the current position; this is often
convenient in our constructions of THMs. Stay-instructions are
indicated by a new symbol (9, and relax the requirement on the
transition function d to be

(O x{o}xM) CTr(QxMx ({O}U Drank(zr)))
The semantics is extended by taking u© = u for any input node u.

LEMMA 3.14. Every uTHM with stay-instructions can be effectively
translated to an equivalent uTHM. This translation preserves the
bounded-visit and narrow-visit restrictions on any input language.

Bottom-up initialization. Our second conservativity result can
be understood as a “closure under precomposition” property.

LEMMA 3.15. Given a uTHM H and a bottom-up relabeler R
(cf- §2), whose respective input and output alphabets match, one can
effectively construct a uTHM H’ such that [H'] = [H] o [R].

IfH is bounded-visit on [R] (L), then H' is bounded-visit on L.

The idea of the proofis to perform a post-order tree traversal that
computes and records in memory, at each node, the state reached
there by the deterministic bottom-up automaton contained in R.

Definition 3.16. A uTHM with bottom-up initialization is:

e the data of a uTHM — we reuse the notations of Def. 3.1;

o a deterministic bottom-up tree automaton (Q’, §);

e amap init: Q' —» M.
Its semantics is the same as for uTHM except that for an input tree
t € Ty, the initial memory value at node u is init(8’[¢],]).

We then define in the same way as Definition 3.4 the bounded-

visit condition. A THM with bottom-up initialization is a uTHM
with bottom-up initialization that happens to be bounded-visit.

ProrosITION 3.17. Every uTHM with bottom-up initialization
can be effectively translated to an equivalent uTHM.

The translation preserves the bounded-visit condition on any input
language, but not the narrow-visit condition.

Proor. For any uTHM H”” with bottom-up initialization, let:

o R be the bottom-up relabeler using (Q’, §") from the above
definition and p: (o, q") — (0,1init(q"));

e H be a uTHM simulating H"* while reading from the input
letters the initial memory values when it encounters a node
for the first time — thus, when H”’ is bounded-visit on all
inputs, H is bounded-visit on the range of [R].

Then [H"'] = [H] o [R]. Therefore, we can apply Lemma 3.15. O

Regular lookaround. Finally, we consider the extension of tree-to-
tree Hennie machines with the ability to evaluate regular predicates
on the current configuration to decide the next transition.

Definition 3.18 (Encodings of configurations). Consider a uTHM
H with the notations of Definition 3.1.

For t € Ty, we encode (u, q, i) € Conf(H,t) as the tree over
3 X M x (Q U {notHere}), with the ranks inherited from 3, whose
domain is Dom(t) and whose label at each node v is

(labs (v), p(v), [qif v = u, otherwise notHere])

Definition 3.19. A uTHM with regular lookaround (uTHMR)
from an input alphabet ¥ to an output alphabet I consists of:

o the data of a uTHM without the transition function as in
Definition 3.1, i.e. (Q, M, T, 2, T, qiniz);

e a deterministic bottom-up automaton (Qya, dpa) over the
input alphabet ¥ x M X (Q U {notHere}), which we call the
lookaround automaton;

e atransition function §: Qra — Tr(Q X M X Dy).

The configurations of the machine H are the same as if it were
an ordinary uTHM (the transition function is not involved). The
semantics is defined analogously to ordinary uTHMs, except that
the computation-step function uses the lookaround automaton:

Conf(H,t) — Tr(Conf(H,t))
C +— C O dpa[encoding of C]

(fort € Ty)

We combine bottom-up initialization with dynamic maintenance
of local lookaround information to prove:

THEOREM 3.20. Every uTHMR can be effectively translated to
an equivalent uTHM. The translation preserves the bounded-visit
condition on any input language.

COROLLARY 3.21. The classes of functions computed by uTHMs
and by THMs are both closed by precomposition by MSO relabelings.

The aforementioned MSO relabelings are tree transformations
that keep the shape of a tree (i.e. its domain) while changing its
labels in a regular fashion; see for instance [11, Definition 7.20] for
a book reference.

Remark 3.22. For automata models such as e.g. tree-walking
tree transducers and macro tree transducers, regular lookaround
morally amounts to preprocessing by MSO relabelings. But for
THMs, this is not the case because the information given by the
regular lookaround depends not only on the input tree and current
position, but also on the current memory values at each node.

4 Macro tree transducers

Notations specific to this section. We reserve two special sets of
symbols, a set X = {x; : i € N\ {0}} of variables and another set
Y ={y; : i € N\{0}} of parameters. We also write X = {x; : i < k}
and Yy ={y; : i < k} fork e N.

A tree in Tx(Y), whose leaves may be parameters, is called a tree
context over Y. A k-ary tree context is a tree in Ty (Yx).

For Q a ranked set and Z an arbitrary set, (Q, Z) is the ranked
set of pairs (g, z) for g € Q, z € Z, with rank({(q, z)) = rank(q).
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4.1 MTTs: definition and semantics
Definition 4.1. A (total deterministic) MTT M from an input
alphabet X to an output alphabet I' (both ranked) consists of:

o afinite ranked set Q of states & an initial state g;,;; € Q((()));
o for each state g € Q and each input letter o € X, a context

RHSA((q, ) € Tru(0X,ani (o)) (Yrank(q))

The latter is meant to be the right-hand side of a rewrite rule

(% O—(xl’ cee >xrank(0))>(yl’ cees yrank(q)) - RHSM((I’ 0)

Let us illustrate what this means before giving a formal definition:

Example 4.2. Here is an MTT for the function exa from §2.1.

(qo, a(x1, x2)) — {qu, x1)(a({qo, X2), (o, X2)))
(qo,b) — a(b,b) (ie. pbt(1) as defined in §2.1)

(g1, a(x1, x2)) (y1) = {q1, x1)(a(y1, y1))
{q1,b)(y1) — a(y1,y1)

We have <‘I0: a(bs b)) - <‘I1: b>(“(<‘]0> b>> <q05 b>))
— (g1, b)(a(pbt(1), (qo. b)))
— (g1, b)(pbt(2)) — pbt(3) = exa(a(b,b)).

In the literature, the semantics of MTTs allow the rewrite rules
to apply to any subtree rooted at some node with label of the form
(g, t). Let us call such trees redexes:

Redex(M) = {t € Tru(o1y) | labs(e) € (Q, Tx)}

There is also a standard notion [21, Definition 3.4] of outside-in
derivation'? that only rewrites outermost redexes: those that are
not contained in some other redex, i.e. whose root does not have a
(Q, Tx)-labeled strict ancestor. The example above is not outside-in:
the only steps rewriting outmost redexes are the first and the last.

We now capture outside-in derivations — which suffice to inter-
pret total deterministic MTTs as total functions [21, §4.1] — in the
framework of tree-generating machines. This serves as our refer-
ence definition of the semantics of MTTs in this paper, avoiding the
need to manipulate “second-order substitutions” in full generality.

The tree-generating machine for the MTT M on an input ¢ € Ty,
has the set of configurations Redex(M) and the initial configura-
tion (qinis, t). Its computation-step function is

Redex(M) — Try(o.1y) = Tr(Redex(M))

e 1 label (q’, x;) by (¢’, t;
(@ o)) .rep ace every aﬁe <q~, x;) by (¢, t;)
in RHS p(q, 0) [y « ']
using the fact that:
Claim 4.3. The simultaneous substitution

[r seen as a leaf < r seen as a tree Vr € Redex(M)]

defines a bijection Tr(Redex(M)) — Tru(o,Ts) Whose inverse
turns outermost redexes into leaves.

120r “Ol derivation”, corresponding to call-by-name evaluation in the A-calculus, while
inside-out (IO) derivations correspond to call-by-value.

4.2 Syntactic criteria for linear (size-to-)height

We now recall the results of Gallot, Maneth, Nakano and Peyrat [28]
on L(S)HI-MTTs. Originally, they are stated in terms of MTTs with
regular lookahead. As usual, regular lookahead amounts to prepro-
cessing by a bottom-up relabeling; we propose a rephrasing that
takes this point of view.

Definition 4.4. Let M be an MTT with the notations above.
Let us fix a rank 0 symbol (J. We define the MTT M™ with:

e input alphabet 3 U {{J} and output alphabet I U (Q, {l});
o the same ranked set of states Q as M;
e the rules of M, plus (g, 0) () — (¢, W)(y) for g € Q.

For instance, for the MTT Meya of Example 4.2,
[ME,](a(D,b)) = (g1, W) (pbt(2))

M™ s called the “extension” of M in [28]. Its inputs are trees in
Ts({{}); they can be seen as inputs to M in Ty, with some “missing
subtrees” marked by [J. Informally, the output of M™ represents
what happens if we run M on such an incomplete input, computing
as much as possible while recording the places where M gets stuck
because it wants to explore a missing subtree.

For an input language L C Ty, we denote by LY C Ty ({{}) the
set of “inputs from L with missing subtrees”, that is, the smallest
superset of L closed under replacing a subtree by . The set of
“inputs from L with a single missing subtree” is

AL {t e P | t has only one [J-labeled leaf}

Definition 4.5. For t’ € Try(p,(my) let heightg (¢) be the maxi-
mum number of (Q, {l})-labeled nodes on a branch of #'.

An MTT M is finite nesting (resp. finite yield nesting) on an input
language L when heightg o[ M™] is bounded on L'™ (resp. LD).

One can show that heightg ( /\/[,3.X o (1)) is the number of [-labeled
nodes in Dom(t") N 12" for all ¢’ € Tsexa ({{1}). Therefore, Meya
is finite nesting, but not finite yield nesting — which is consistent
with the (size-to-)height increase properties stated in §2.1, since:

THEOREM 4.6 (REPHRASING OF [28, §4]). Given an MTT M, one
can compute an MTT M’ and a bottom-up relabeler R such that:
o [M] =M o [R];
o M is LSHI iff M’ is finite nesting on the range of R;
o M is LHIiff M is finite yield nesting on the range of R.

4.3 From MTTs to (u)THMs
The main result of this section is:

THEOREM 4.7. Any (total deterministic) MTT M can be effectively
translated to a uTHM H such that:

o IM]=[HI;

e for any input tree t, any antichain S of nodes of t, and any
branch-outputting run of H, the number of downwards visits
at S is at most heightg 0[[M.]](t[s «— 0O Vs €8)).

The second item implies that, for any input language L,

M finite nesting on L = H bounded-visit on L
M finite yield nesting on L = H narrow-visit on L
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To give some intuition for the proof, one may see the rules of an
MTT as mutually recursive definitions of [q]: Ty X Tprank(@) _, Tp
for each state g. This recursion can be compiled to a call stack. In fact,
MTTs are expressively equivalent to pushdown tree transducers [22,
Theorem 5.16],'* though we do not use this result and prefer to give
a direct construction from MTTs in order to control the number of
visits. To represent the stack in memory, our uTHM records at each
node the currently active recursive call, if any, whose argument in
Ty, is the subtree rooted at that node. There can be at most one such
call per node, so we can use a finite set of memory symbols. As for
heightg 0[[M-]](t[s «— O Vs € S]), it overapproximates the total
number of calls, in a branch-outputting run, whose arguments in
Ty, are subtrees rooted at nodes in S.

From Theorems 4.6 and 4.7, combined with Lemma 3.15 on pre-
composing THMs by bottom-up relabelings, we get:

COROLLARY 4.8. LSHI-MTT c THM.

COROLLARY 4.9. Given an LHI-MTT M, one can compute an THM
H and a bottom-up relabeler R such that [M] = [H] o [R] and H

is narrow-visit on the range of [R].

This last property is involved in the proof of Corollary 8.5.

5 Inclusion in MSO set interpretations

We assume basic knowledge of monadic second-order logic. For a
ranked alphabet X, the formulas of MSO(Z) use the atomic predi-
cates 0(x), x <ane y and child;(x, y) to express respectively that x
has label ¢, x is an ancestor or y, and y is the i-th child of x.

Definition 5.1 ([10]). An MSO set interpretation (on ranked trees),
or MSO-SI for short, consists of:
e anatural number c;
o input and output ranked alphabets ¥ and T’;
. tPe following MSO(2) formulas, where X = Xi,...,Xcand

Y =Y),..., Y, are sequences of second-order variables:

label ancestor child
(‘P}/(X))}/ET Panc(X,Y)  (0i(X, Y))igRr

An MSO-SI J on an input tree ¢ generates a relational structure
I (t) whose universe is the set of assignments

{v:X > P(Dom(1)) | Iy eT: (1) F ¢, (X)}
and whose relations are y(v) & (t,v) = ¢, ()2 ) and
v <ane V= (60.V) F gane(X.Y)
child;(v,v') & (tv,v) | ¢:(X,Y) fori <Rr
Then [Z]: Ty — Tr is defined on ¢, if, and only if, 7 (¢) is isomor-
phic to a tree, which we take as the value of [1](#).

Example 5.2. We give an MSO-SI| I defining our running ex-
ample from §2.1. We assume that all formulas are restricted to
nodes in 1*2*, which is MSO definable by guarding all quantifica-
tions Jx (resp. 3X) with ¢+« (x) = 3z child] (e, z) A child;(z, x)
(resp Vx € X y1+9+(x)) where child] is the transitive closure of the
child; relation and ¢ is the constant marking the root. Intuitively,

130ther similar equivalence results include HDTOL systems vs. a variant of pushdown
transducers [23] & copyful streaming string transducers vs. marble transducers [15, 16].

T relies on a (right-depth) ordering < of the nodes of the input in
Dom(t) N 1*2*. We define the successor in this order by

S<(x,y) =childy(x,y) V ((Vz = childy(x,2)) A
3z childj(z,x) A Yz’ = childy (2, z) A child; (z,y))

Then the output nodes of depth i are defined by partitions into
X1, X, of the i-smallest elements of <.

Let us consider the formula 4o (X3, X2) stating that X; and
X, are disjoint and X; U X; is a set downward closed by <, and
max (X1, Xo, x) which holds true if x is the <-largest element in
X1 UX,. Then we define T by ¢ = 2, ¢,(X1, X2) is Ygom and X; U X,
does not cover all <, while ¢ (X1, X2) is Ygom (X1, X2) and X; U X,
does cover all <. The ancestor formula is

(pa,,c()?,f’) =Vz /\ zeXi=>zeY;
i=1,2
where x < y is the transitive closure of S¢(x,y). And finally
@i ()? 17) is the conjunction of @gn, ()? 17) and

dx,y max<()2, x) A maxg()_)’, YAS<(xy) AyeY;
The main result of this section is the following Theorem:

THEOREM 5.3. Any total THM H can be effectively translated to
an MSO-SI I such that [H] = [1].

SKETCH OF PROOF. The main ingredients of the proof are the
notions of local and (coherent) global profiles. Intuitively, a branch-
outputting run of H is entirely characterized by the finite visits it
does to each input nodes. A local profile on an input node is then a
sequence of visits. A global profile simply associates to each input
node a local profile. It is coherent if the local profiles collectively
describe a (partial) branch-outputting run. As a THM moves step by
step, the coherence of a global profile can be decided by neighboring
properties and hence it is MSO-definable.

To define the MSO-SI 7, we set ¢ as the number of possible local
profiles. By associating each set X, to a local profile p, an evaluation
(¢, v) where the X; are a partition of ¢ defines a global profile on
Dom(t). The domain formulas ¢, ()? ) state that the coloring X is
a coherent global profile and describes a branch-outputting and a
distinguished node y in its last transition. The ancestor formula
Qanc (X, Y) states that the global profile defined by Y is an extension
of the one defined by X. Finally, the successor formulas (pi(;( , 57)
are similar to the ancestor formula, additionally requiring that the
extension is only one step, i.e. with a unique new visit that produces
an element of T, the i-th successor of X. m]

COROLLARY 5.4. Tree-to-string Hennie machines (i.e. THMs whose
output alphabet have maximum rank 1) can be effectively translated
to equivalent MSO transductions.

PRroOF. Since the size of a string is equal to its height (plus one),
by Claim 1.3 tree-to-string THMs are linear size increase. MSO-SI
of linear size increase can be translated to MSO transductions [27,
Theorem 1.5], therefore Theorem 5.3 gives the result. O

COROLLARY 5.5. The subset of inputs of a uTHM on which it is
defined and visits each node at most N times is effectively a regular
language.
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Proor. LetH be a uTHM with [H]: Ty — Tr. We apply Propo-
sition 3.8, taking a default leaf symbol B ¢ T'. We then get a total
THM H’ with output alphabet T U {M} such that [H’]~!(Tr) is the
aforementioned subset. The first-order formula Vx. -l (x) defines
Tr within Tr({H}), so its inverse image by any MSO set interpre-
tation is regular [10, §2.3]. (Corollary 8.1 states a stronger preserva-
tion property of THMs, but its proof goes through A-calculus.) O

6 Actors: an interactive model of computation

This section treats part of the equivalence proof between tree-to-
tree Hennie machines and a A-calculus characterization — a part
that that does not involve any A-term. We introduce a model of
computation for tree-to-tree functions, based on a formalism from
from Clairambault and Murawski [8] of tree-generating, finite-state
processes which we call actors. The main result in this section
(Lemma 6.10) is a translation from actor-based tree transducers
with a certain boundedness property to Hennie machines.

The idea is that an actor and its environment interact by ex-
changing messages; during the course of the interaction, both the
actor and the environment may also output tree nodes. We describe
the allowed messages for an actor using types, which form a subset
of linear logic formulas (though a more general notion of interface
would have been possible): A,B:=0| A — B| A&B.

Definition 6.1 ([8, §3.1]). The sets IM(A) of incoming messages
and OM(A) of outgoing messages at a type A are defined by:
IM(0) = {e} OM(o0) = &
IM(A —o B) = OM(A) + IM(B) OM(A —o B) = IM(A) + OM(B)
IM(A & B) = IM(A) + IM(B)  OM(A & B) = OM(A) + OM(B)
using the disjoint sum operation X + Y = {L} x X U{R} X Y.

Intuitively, an actor is in a passive state when it is waiting for
an incoming message from the environment. Upon receiving this
message, it becomes active, then performs some computation, and
eventually sends an outgoing message, returning the control to the
environment by becoming again passive.

Definition 6.2 ([8, Def. 2]). An actor « of type A over the ranked
alphabet T (notation: I |- « : A) consists of:

o afinite set Q° of passive states & an initial state q§ € Q°;
o a finite set Q% of active states, nonempty, disjoint from Q°;
e two transition functions §°: Q° x IM(A) — Q® and

6%: 0% = Q% U{y(gy....) |y €T, g7 € 0¥} U (Q° x OM(4))

N —
this notation implies that y takes rank(y) arguments

When A = o, we associate to this actor the tree-generating machine:

e whose set of configurations is Q%;
e whose initial configuration is 6°(gg, ®);
e whose computation-step function is 6%.
The output of this machine is the tree generated by T I a : o.
Example 6.3. Every tree over I' can be generated by an actor

with a single passive state, and whose active states correspond to
the internal nodes of the tree.

Example 6.4. We illustrate the use of multiple passive states
with an actor of type A — (A & A). It relays messages back and

forth between the A on the left of — and the two As on the right;
the incoming messages on the left are forwarded to a recipient
determined by the state. Formally: Q° = {L,R} and Q%, §°, 6® are
chosen to satisfy

OM(A)+(IM(A)+IM(A)) IM(A)+(OM(A)+OM(A))

— e ————eee
(6%06%): 0° XIM(A — (A& A)) = 0° X OM(A —o (A & A))

(x, (L M) = (x, (R, (x,m)))
(x, (R, (y,m))) = (v, (L, m))

We now explain how to “plug together” two actors ' I- « : A and
T Ik B : A —o B. The application f(a) is a sort of product'* automa-
ton, keeping track of the state of both & and f, and transferring mes-
sages between them: for instance, a message m € OM(A) emitted
by « is then received by § under the form (L, m) € {L} x OM(A) c
IM(A —o B). The exchanges of messages between «a and f are
treated as internal computation steps of f(«).

Definition 6.5 (special case of [8, Def. 3]). LetT |- a : A and
T IF B : A —o B. For their sets of states and transition functions, we
use the notations of the previous definition with indices «, . The
application f(a) has the sets of states

Qo) =09 X Q5 Qf) = (02 X 05) U (QF x 0F)

Indeed, @ perceives f to be part of its environment, and vice versa.
For this reason, at any point during an interaction, if one of them
is active, then the other must be passive.

The initial state is (go,«. go,5)- The transition functions are

85t ((a5.q5).m) = (.5 (g5, (Rm)))

(redirecting incoming messages from the environment to ) and

p% = (p%.45)
St (45:95) = |Y(PFs- ) =y (P, qg)s--)  |(82(q5))
(p°,m) = (p°,85 (5, (L))
p® = (45.0%)
® — o &
(G- a5) = (pye(,IJ(IL’, m); - géq(qepnz)p@)) (%5 (05))
L(p®, (Rom)) = ((g5,p®), m)

Definition 6.6. An actor-based tree transducer with input alphabet
> and output alphabet I' (both ranked) is specified by a type A and:

“transition actors”, with rank (o) + 1 times A

eIFfs:A—o(A—o...(A—oA)...)foreacho €3}

e T'IF fout : A —o o (“output actor”).
Onaninputt € Ty, it outputs the tree generated by I' I Soue(a) : o,
where we define inductively

Tk ag(y,...) = Polay) ... (a,mnk(a)) A foroeX

Let us denote the components of the actor f, with indices:
2,45, 0%, 65, 62; and similarly for foy. By induction on ¢ € Ty,
one can deduce from Definition 6.5 that:

141t can be seen as a variant with two-way communication of the cascade product of
sequential transducers.
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Claim 6.7. Up to bijections that just reindex products, the states
of fout (@) are:

Q° = ngm(t) x Q5 where QF = l_[ Qleabt(u) for X € Dom(¢)
ueX
D o (S} 3] (52} (S} (S}
Q" = Opom(r) X Qout Y U{”} X Quaby () X Pnom(e) (u} X Qout

ueDom(t)

The intuitive idea is that if the composite actor fou(a;) is in an
active state x = (u,...), this means that its subprocess f, corre-
sponding to the node u in t (with o = lab;(u)) is currently active
while the others are passive — and the passive states of these other
subprocesses are also recorded in the ngm(t)\{u} component of x.
We simulate fout(a;) by a uTHM running on the input t, whose
position corresponds to the current active subprocess, and which
writes in memory the passive states. We then get:

LEmMMA 6.8. Every actor-based tree transducer A can be translated
to a uTHM H such that the partial function [H] extends [A].

The effective construction uses the bottom-up initialization and
regular lookaround features presented in Section 3.5.

To conclude this section, we give a sufficient condition for the a
priori unrestricted Hennie machine built above to be bounded-visit.

Definition 6.9. An actor T I a : A with states Q°, Q% and tran-
sitions 6%, 6® is weight-reducing when one can map each state
q € 0° U Q% to a weight w(q) in such a way that:

o for every ¢° € Q° and m € IM(A), if §°(¢®, m) is defined,
then its weight is strictly less than w(q®);

o for ¢® € Q, every state that appears in §%(¢®) has a weight
less than or equal to w(g®).

An actor-based transducer is weight-reducing when all the actors
that compose it are weight-reducing.

LEMMA 6.10. Every weight-reducing actor-based tree transducer
A can be translated to a THM ‘H such that [A] C [H].

7 Affine A-transducers with additive branching

The goal of this section is to show:

THEOREM 7.1. The following devices can compute the same total
tree-to-tree functions:

(1) tree-to-tree affine A-transducers with additive branching;
(2) weight-reducing actor-based tree transducers;
(3) tree-to-tree Hennie machines.

Lemma 6.10 gives us (2) C (3). We show (1) C (2) in Section 7.1
and (3) = (1) in Section 7.2. In §7.3, we deduce the closure of this
function class by precomposition by LSHI-MTT.

But first, we state a few definitions. As in the previous section,
our grammar of typesis A,B :=0 | A — B | A & B. We use the
abbreviations (taking into account that our type system does not
contain the multiplicative conjunction ®):

A%k A& & A AP _oB=A—-o--. oA -—-oB
———— N ——
k times k times

where —o is right-associative. It does not matter whether ‘&’ is left-
or right-associative as long as we stay consistent when encoding
additive k-tuples as nested pairs (notation: (Ty, . . ., Ti)).
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Our typing judgments are of the form ® | © + T : A where ®isa
context of reusable constants, © is a context of affine variables, T is
a A-term and A is a type. We always take the context of constants
® to be an encoding of a ranked alphabet T'; there are two variants:

&rank(y)

additive branching: T% ={y: o —o|yerl}

®rank(y)

multiplicative branching: T® ={y:o —o0|yeTl}

Our grammar of A-terms, typing rules and reduction rules are stan-
dard, cf. e.g. [8, Figure 1], and are recalled in the appendix. By turn-
ing — into — and & into X, we can translate our affine A-terms
to simply typed A-terms with products, in a way that preserves
reduction steps. Therefore, we inherit the strong normalization and
confluence of f-reduction from the simply typed case. This ensures
that every affine A-term has a unique normal form.

Claim 7.2 ([7, §2.2.3]). The encoding that maps, for instance, the
tree a(b(c), ¢) to the A-term a ((bc), ¢) (resp. a (b c) c) defines, for
any ranked alphabet T', a bijection between Tr and the A-terms T
in normal form such that T% | @ + T : o (resp. T® | @ + T : 0).

We now adapt the definition of a A-transducer from [46] (which is
a simplification of the classical notion of higher-order transducer)
to potentially use the encoding with additive branching for the
output, but not for the input — observe the A®™k(@) below.

Definition 7.3. An affine A-transducer Ts — Tr is specified by a

memory type A and the A-terms:

e T° | &+ T, : AB@Kk(0) _5 A (“transition terms”) for

oE;

e I°| @+ U:A —o o (“output term”).
where O is equal to:

o & for a A-transducer with additive branching;

e Q for a A-transducer with multiplicative branching.

For an input tree ¢ € Ty, the output of the A-transducer is the tree
encoded by the normal form of U T;, where we define inductively
To‘(t1 ,,,, trank(o')) = To- Ttl - Ttrank(o‘) for o €.

Example 7.4. Here is a A-transducer that computes exa (cf. §2.1).
e Its memory type is 0 & (0 —o 0).
o Its b-transition is {(a (b, b), Ay.a (y,y)) and its a-transition
is Axy. Axz. (72 x1 (@ (1 X2, 1 X2)), Ay. 72 %1 (a(y, y)))-

e Its output term is Ax. 7 x.
Note the resemblance with the MTT of Example 4.2. Morally, the
two components o and 0 — o of the memory type correspond to
the MTT states gy (of rank 0) and g; (of rank 1) respectively.

7.1 A-transducers to actors: game semantics

The tree-generating game semantics from [8, §3] maps each affine
A-term T to its strategy [T]: the set of all its possible interactions
with its environment. These interactions consist of exchanging
messages (i.e, playing moves, in the game metaphor) and outputting
tree nodes. Furthermore, there is a partial function Strat from the
actors of §6 to strategies defined in [8, §3.2]. Overloading metaphors,
we say that an actor « plays a term T when Strat(a) = [T].
We recall some properties of this “playing” relation.

e Every A-term T% | & + T : A is played by some effectively
computable actor I' I- « : A [8, Theorem 23 in Appendix B].
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— For example [8, Lemma 21 in §B], the actor from Ex-
ample 6.4 plays T* | @ + Ax. (x,x) : B—o (B & B).
e Furthermore, if T I f : A —o B plays U, then f(«a) plays
U T [8, Proposition 22 in §B].
o Finally, if A = o, then a generates the tree encoded by the
normal form of T [8, Proposition 4].

Thanks to these properties, to translate an affine A-transducer with
additive branching into a actor-based tree transducer, we can take:

e for each input letter, a transition actor that plays the transi-
tion term for this letter,
e an output actor that plays the output term.

We still have to make sure that the actors we take are weight-
reducing — which is not the case for Example 6.4. Fortunately, the
following property suffices to do so.

PROPOSITION 7.5. For every actor T I « : A there exists a weight-
reducing actor T |- o’ : A such that Strat(a) = Strat(a’).

Proor skeTcH. For lack of space, we do not recall the precise
definition of strategies and explain the argument informally.

Strat maps an actor to the interaction sequences that it can
perform and that are valid for the game interpretation of A. As
noted in [8, proof of Theorem 7], each message can occur at most
once in a valid interaction in this game semantics, reflecting the
affineness of the type system. By adding to the states of a a counter
of the messages already received, and aborting the computation
when this counter would otherwise exceed |IM(A)|, we get a weight-
reducing actor o’ — the weight of a state of &’ is the value of the
counter — with the same valid interactions as a. ]

Remark 7.6. The “restriction” on tree stack automata considered
in [8, Theorem 7] is analogous to our bounded-visit condition.

7.2 THMs to A-transducers

Let H be a weight-reducing THM with the notations of §3. We give
some guiding intuitions and the definition of an affine A-transducer
with additive branching meant to be equivalent to H. The correct-
ness proof is relegated to the appendix.

The idea is to represent as a A-term the “behavior” of H when
it enters a subtree t[, of the input, taking into account the cur-
rent memory values for u and its descendants. This behavior is
a function of the current state. After possibly producing part of
the output, H might exit the subtree, i.e. move upwards from u
into the surrounding context ¢[u < O]. Upon exit, the behavior
should “return” the new state and a new behavior, reflecting the
new memory values, to the “caller” i.e. the context. This way, the
new behavior can be called the next time H enters ¢[,,.

One subtlety is that there may be multiple return points, because
H may produce multiple output branches in parallel. To handle
this, we program in continuation-passing style: a behavior takes
as argument a continuation that expects a behavior. Naively, this
suggests a recursive type of behaviors, but we leverage the weight-
reducing condition to unfold the recursion finitely:

Ay = 059 Aps1 = (4, —o o&Q) —0%? forneN
following [8, §5]. Tuples (t; | ¢ € Q) indexed by the set of states

Q are encoded as nested pairs; one can think of them as functions
from Q. The type A, represents “n-truncated behaviors”, allowing
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for at most n exits of ¢[,, i.e. upwards moves from u. Morally, this
truncation is lossless when n is greater than the weight of the
current memory value at u — we define the weight of a memory
symbolm € M as w(m) = |[{m’ e M | m" < m}|.

Let us fix some default leaf symbol y, € I'?). We build truncated
behaviors compositionally, using A-terms

T | @ F Tk Ay —o - — A — Ay

Mrank (o)

defined by strong induction on ny + -+ + Npani(s) + k:
Tjj,’; = AZ. Ax. {(encoding of §(q, o, m))[...] | g € Q)

where [...] is a simultaneous substitution that consists of:

i

o (¢.m, 1) « my (x (T:;r’:l,_1 Z)) ifk > 1, else yp
Intuitively: we “return” the new state ¢’ and the new (k—1)-
truncated behavior, where the memory at the current node

has changed from m to m’, by calling the continuation x.
or just z; without argument when n; =0
—_—

o (q',m',i) « g (zi (Aznew- Taﬁ,m’i 7' x)) for i € [rank(o)]

where 1’ =ny, ..
TZ =Tz ... Zi—1 Znew Zi+1 - - - Zrank(c)

Intuitively: we “call” the behavior of the subtree ¢[,; rooted
at the i-th child of the current node u, passing it the new
state g’. Once it “returns” zyey (by calling the continuation
that we pass), u becomes the current node again. It is as if
we had just entered ¢[,, but the memory at u has become
m’, and the memory at ui and its descendants may also
have changed as reflected in the new behavior zpey,-

S Ni—1, M — L, N1, .o Prank(o)

LemMma 7.7. [H] is computed by the A-transducer with:
e memory type AN for N = |[M|;
e transition term Tg{"’N;N: Afjmnk(a) — AN forc € 3;
o output term Az. 7r;,,;, (2 (Aznew-(yo | ¢ € Q))) : AN —o 0.

To prove this lemma we show (in the appendix) that f-reduction
simulates the tree-generating machine for H.

7.3 Precomposition by LSHI-MTT

LEmMA 7.8. The functions computed by affine A-transducers with
additive (resp. multiplicative) branching are closed under precompo-
sition by affine A-transducers with multiplicative branching.

Proor. Let A, B be two A-transducers given respectively by:
I®|@r T, A" oA T°|@+r T : B B
r®|grU:A—o N°|g+rU :B—o

where © € {& ®}. Then [8]o[A] is computed by this A-transducer:
I°| @+ T,[y « T, Vy € T] : A[o « B]"™™(9) — A[o « B]
¢ @ FAx.U' (Uly « T, Vy €T]x) : Alo < B] — 0

The multiplicative encoding of T is crucial: it is the reason why the

substitution [0 < B] sends the type of y to the type of T,. O

This is the same argument as [46, Proposition 1.8]. In that paper,
Nguyén and Vanoni study A-transducers for an affine A-calculus
without ‘&’ — in particular, the branching is multiplicative. Thus,
the above proposition applies to precomposition by the devices
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from [46]. Their main result [46, Theorem 1.5]*° is that tree-to-tree
MSO transductions are equivalent to

multiplicative affine A-transducers o MSO relabelings

THEOREM 7.9. The functions computed by THMs are closed under
precomposition by MSO transductions.

PRrRoOF. By the above result of [46], it suffices to check that THMs
are closed under precomposition by:

MSO relabelings: cf. Corollary 3.21;
the affine A-transducers from [46]: cf. Lemma 7.8. o

8 Postcomposition properties of THMs

We have already mentioned that our affine A-calculus can be di-
rectly translated to the simply typed A-calculus with products. It is
known that simply typed A-transducers with products are regularity
reflecting — see the references given in Remark 1.4. Therefore:

CoRrOLLARY 8.1. THMs are regularity reflecting: the inverse image
of a regular tree language by a THM is effectively regular.

We can then deduce that:

COROLLARY 8.2. The class of total functions computed by THMs
is closed under postcomposition by bottom-up relabelings.

The proof combines the regular lookaround feature of §3.5 with:

Claim 8.3. Let H be a THM with [H]: Ty — Tr.

The function g4/ that maps a configuration of H, encoded as per
Definition 3.18, to the output tree obtained by starting  from this
configuration is itself definable by a THM.

Therefore, it preserves regular languages by inverse image.

Finally, the most technical result of this section is:

THEOREM 8.4. IfH is a THM and N is narrow-visit on the range
of [H], then [N] o [H] can be realized by some THM.

Proor 1DEA. We only give some high-level ideas here. The con-
struction is detailed in the appendix.

Essentially, the composite THM virtually evaluates NV on the tree
outputted by H: when N asks to explore this intermediate tree,
H is lazily evaluated in order to produce the relevant part of its
output. This is reminiscent of the composition of reversible two-way
transducers [13, §3.1]. Indeed, our composite THM records enough
information in memory to “rewind the computation” of H, so that
we may simulate upwards moves of N on the intermediate tree.

However, in order to simulate the read-write memory accesses by
N, we need to remember the nodes of the intermediate tree that we
have already visited (and the memory values stored therein), instead
of re-generating them on the fly. In other words, the composition
needs to be evaluated in “call-by-need” whereas the composition

of reversible two-way transducers is “call-by-name”.!¢

15This statement by Nguyén and Vanoni should be seen as a convenient rephrasing of
a result of Gallot, Lemay and Salvati [26, Theorem 3] (see also [29, Chapter 6]).
16The reference semantics is call-by-value: compute the full output of , then feed it
to N.It is well known that call-by-name and call-by-value differ in their observable
results in the presence of effects such as mutable state. What happens in our proof is
that a form of call-by-need, whose laziness allows us to respect computational bounds,
turns out to be a valid optimization of call-by-value in this very specific setting.
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We store a representation of a “global state” in Tr(Conf(H, t))
(cf. §2.3) of the computation of H that is distributed among the
nodes of the input t. The distribution reflects the origins'’ of the
nodes of the intermediate tree (in Tr) already generated in that
global state. Since the memory at each node is finite, this means
that the size of the global state must be linearly bounded by the
input size. This is possible thanks to the narrow-visit condition
and Corollary 3.12: a branch-outputting run of N explores O(1)
many branches, so it only requires a portion of the intermediate
tree whose size is linearly bounded by the intermediate height; the
latter is O(|t|) because H is linear size-to-height increase.

Similarly, the composite THM is bounded-visit because N is
bounded-visit and explores O(1) branches of the intermediate tree,
each of them generated in a bounded-visit fashion by H. O

COROLLARY 8.5. LHI-MTT o THM = THM.
As a consequence, | icn LHI-MTT* ¢ THM.

Proor. This reduces to postcomposition by bottom-up relabel-
ings (Corollary 8.2) and by narrow-visit uTHMs (Theorem 8.4),
thanks to the decomposition of Corollary 4.9 for LHI-MTTs. O

9 On the LHI-MTT composition hierarchy

As announced in the introduction, we show here:
COROLLARY 9.1. LHI-MTT*™1 C LHI-MTT* for every k > 1.

We actually derive this from the stronger Theorem 9.2 below,
stated in terms of tree-walking tree transducers (TWTs).!¥ Their
classical definition may be found in e.g. [11, Chapter 8]; equivalently,
we may describe them here concisely as THMs:

o with a single memory symbol (the idea is that they do not
write any information on the nodes: a TWT configuration
consists only of a state and a position);

e whose transitions can depend on whether the current node
is the root, and if not, for which i € Ry it is an i-th child.

In terms of expressive power, TWT € MTT [19, Lemma 34], which
is why Corollary 9.1 follows from the following result:

THEOREM 9.2. LHI-TWTX ¢ MTT*! for every k > 1.
As a consequence, THM ¢ MTTF-L,

Our proof exhibits a concrete separating function: the k-fold
iteration EncPeb of a function EncPeb defined by Engelfriet and
Maneth in [19, Section 4]. More rigorously, EncPeb is a family
of similar tree-to-tree functions, one for each input alphabet —
which never coincides with the output alphabet, so the composition
EncPeb” actually involves k different members of the family. To
avoid cumbersome notations, we ignore these subtleties concerning
alphabets. For lack of space, we do not recall the full definition of
EncPeb; our only argument that requires examining it is for:

ProrosiTION 9.3. EncPeb € LHI-TWT.

PrROOF. A tree-walking tree transducer computing EncPeb is
built in [19, proof of Lemma 9].

Ignoring the node labels, the shape of EncPeb(?) is obtained by
grafting, to each node u in the tree t, an additional subtree which is

7In a sense analogous to [3].
181n the key reference [19], they are called “0-pebble transducers”, cf. Remark 9.5.
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a copy of t rerooted at u by tree rotations. Therefore, a downwards
path from the root of EncPeb(t) to a leaf corresponds to:

e a downwards path from the root of ¢ to a node u,
e followed by the reverse upwards path from u to the root,
o followed by a downwards path from the root of ¢ to a leaf.

Hence height(EncPeb(t)) < 3 X height(#). O

Other than that, we mainly use the connection that EncPeb has
to “pebble tree transducers” — a keyword that we syntactically
manipulate by matching its occurrences in two theorem statements,
with no need to access its definition.

THEOREM 9.4 ([19, PROOF OF THEOREM 10]). Every function com-
puted by some k-pebble tree transducer is in TWT o EncPeb¥.

Remark 9.5. We index the pebble hierarchy according to the
convention from [18, 19]: tree-walking transducers are 0-pebble
transducers. The recent literature on polyregular functions [4, 15,
37] would call them 1-pebble transducers instead.

PROOF OF THEOREM 9.2. We show that EncPeb’ ¢ MTT<1.

We use the following result [18, proof of Theorem 5]: there exists
a (string-to-string) function'® f ¢ MTT* which is computed by a
k-pebble transducer. By Theorem 9.4, we can write f = go EncPeb®
for some g € TWT € MTT. Thus, if EncPeb® were in MTTF!, we
would get f € MTT o MTT¥™1, reaching a contradiction. O

Let us remark that together, Corollary 8.5, Proposition 9.3 and
Theorem 9.4 yield a positive result concerning the expressivity of
tree-to-tree Hennie machines:

COROLLARY 9.6. Every function computed by some pebble tree
transducer is in TWT o THM.

10 Future work

We would like to investigate further the relationship of THMs
with other automata models. For instance we believe that TWT o
THM should be a natural tree-to-tree counterpart of the “Ariadne-
transducers” from [2]. We also conjecture that THM ¢ | J; MTTF
— this is because our translation to A-transducers seems to be in-
trinsically unsafe in the sense of higher-order recursion schemes.
Also, several decision problems on THMs are still open, such as
equivalence of two THMs.
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A Proofs for Section 3
A.1 Proof of Proposition 3.8

Proor. We first show how to make H weight-reducing and N-bounded, and secondly and to make H” a total function with a default
output. To make H’ weight-reducing and equal to H on its N-bounded branch-outputting runs, we enrich the memory of H with a counter
initialized by N at each node u. Each subsequent visit to a node u decrements its counter. Finally, when the counter reaches 0, the transition
function outputs the default leaf symbol, ensuring that all branch-outputting runs are weight-reducing and N-bounded, while maintaining
equivalence with H on N-bounded branch-outputting runs.

Secondly, the function [H’] is made total by first making the transition function total by defaulting to a special leaf-symbol when H
would be undefined, and secondly handling the case where H would try to move up of its root by allowing H’ to identify the root through
special memory symbols. This can be done at the first transition, since the initial configuration is at the root. O

A.2 Proof of Lemma 3.14

Let H be a uTHM with stay instructions of transition function é. If £y = §(qo, o, mo), then let us build #; by replacing each symbol (g, m, O)
in ty with 8(q, o, m). Iterating this procedure to build t;, t3, . . . t; deterministically either : yields a finite sequence such that #; contains no
staying transition, or : loops, which we can detect by remembering, along each branch, every pair (g;, m;) ever reached. Let us then build
H'’, a quasi-copy of H, by removing rule r. If we built a finite sequence, replace it with a new rule 54y (¢°, o, m®) = t;. These substitutions

are the same that would have happened in a run of H, so [H] = [H’]. If, on the other end, we looped, then we do not add any transition.

We know from the existence of the loop and determinism that any run that uses this rule terminate anyways, so removing the rule preserves
semantics. We use this construction to remove each transition using stay instructions one by one, which will yield a uTHM without stay
instructions but equivalent to /. Finally, it also (non-strictly) decreases the number of visits to any given input node and thus keeps the
bounded-visit and narrow-visit restrictions satisfied.

A.3 Proof of Lemma 3.15

Informally, the uTHM H” first writes in the nodes’ memory the state computed by the bottom-up automaton. It then behaves like H, using
the memory symbol in addition to the input symbol to determine the relabeling.

The first phase visits rank(o) + 1 = O(1) times each node with label o. The first time we encounter this node (by going down), we just go
further down to the first child if possible. At the (k + 1)-th visit for 0 < k < rank(o), we have already processed the subtrees rooted at the k
first children of the current node, recording these subtrees’ relabeler states in the current node’s memory, and we go on to visit the (k + 1)-th
child. At the (rank(o) + 1)-th visit, we apply the transition function to the information we have gathered to determine the relabeling p(o, p)
of the current subtree, record it in memory — it will be used as the new label of the node —, and move up to the parent in state p.

More precisely, let H = (Q,M, T,E,T, qo,8) and R = (P, 3, E, {a[o] | o € 2}, p). Let S be the set of sequences of elements of P of length
at most Ry. We define H’ = (QU P U {init}, M X ZU {T} US, T, 2, T, init, §) where f is decomposed into two modes, one doing a postfix
reading of the input to add the relabeling information, and one simulating H using the previously computed information. The first mode is
defined as:

B(init, o, T) = (init, T, 1) if rank(c) # 0.

B(init,0, T) = (p, (T, p(0,p)),T) if rank(c) =0 and p = a[o] € P.

B’ o, (pr---.pi)) = ((p, (T, p(o, p)), T) if k + 1 = rank(o) and a[a](p1, .. .. pr. p’) = p.
B’ o, (p1,...,px)) = ((init, (p1, ..., pk. P'), k +2) if k + 1 < rank(o).

When this mode would try to move up of the root, we switch to the state gy and start the simulating mode which is defined as follows:

* f(g0,(m &) = (¢, (m',§),d") where (¢, m’,d") = 5(q,&,m).

A.4 Proof of Theorem 3.20

Consider a uTHMR with the notations from Definition 3.19. We translate it to a uTHM whose execution simulates the original THMR
step-by-step while maintaining some additional information that replaces the regular lookaround. Its set of states (resp. memory values) is
of the form Q" = Q x (...) (resp. M" = M x (...)), so that the correspondence between new and old configurations amounts to applying
suitable projections. Its transition function is

8 :(q',m’,0) > apply £y m o to every state call leaf of §(A(q’,m’, o))

where:

o lymo: QXMXDg, — Q" x M X Dg, extends the calls in the original transitions with instructions to update the additional
information in the state and memory;

o 1: Q' XM’ XX — Qra should output the correct lookaround state: for any reachable configuration, the image by J1.a of the encoding
of the corresponding configuration of the original THMR should be equal to the image by A of the argument passed to the transition
function.
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To define A we decompose the computation of the lookaround state. Let t € Txxpm be an input tree labeled with memory values for the
original machine. Let v be a node of ¢, with label (o, m). Let us break down t with the vertex v removed into its connected components:
t = Cly « (o,m)(s1,. .., Srank(s))], Where C is a context with a single occurrence, at position v, of the parameter y. Let us also write
s X {notHere} for the result of applying x — (x, notHere) to every node label in s. We define:

pi(t,0) = 8als;i X {notHere}] € Qs fori < rank(o), or null otherwise
¢(t,0) = O0La[C X {notHere}] € (Qra — Ora)
(The action of a single-parameter context on the states of a bottom-up automaton is defined in the usual way, with the key property that
8A(C'[y « s]) = 8a(C) (bLa(s)).)
If we know this information, then we can recover the lookaround state of a configuration. Indeed, for g € Q, the configuration (v, g, t) of
the original machine (we use here a definition of configuration whose third component is a memory-annotated input tree) is encoded as

(C x {notHere})[y « (o,m, q)(s; X {notHere}, ..., Srank(s) X {notHere})]

whose image by 1.4 is equal to
@(t,0)(8La[(0,m, @)1 (p1(£,0), . ... prank(o) (1,0))) € QLa

We choose a definition of A that mirrors this equation:
A: (¢, m’,0) = ¢'(q',m") (SLal (o, m @)1 (p1(q". M), .. ploi () (€M)
where m (resp. q) is the first component of m’ (resp. q’), for some maps
pir Q' XM = Qs ¢ Q' XM — (Qua — Qua)
For this A to satisfy its desired specification, it suffices to make sure that
pilg,m’) =p(t,o)  ¢'(¢.m’) =p(t,0)

whenever ¢’ and m’ are respectively the state and the memory at the current head position in a configuration of the new THM that projects

to (v, g, t).
To achieve this, we take the new sets of states and memory values to be respectively

Q" =0 x(Qra VU (Qra — Qra))
M’ =M X Dgy X (Qra U {null})® x (Qra — Qra)
Forq =(q,p) € Q" and m’ = (m,d,ry,..., 1Ry, f) € M, we define

{p ifd =l

pl{(q/, mr) — (pl(q’,m’) —

r; otherwise f otherwise

{p ifd =1

In other words, all the lookahead information can be read from memory, except for one value (and d indicates which one): it is the
responsibility of the previous transition to compute this missing value and record it in p as part of the state.

Let us now turn to the transitions. If the original uTHMR moves in a direction d”’, then, informally, the new uTHM also does so in the
step-by-step simulation. Furthermore:

e In the directional component of the memory, it records d”. Indeed, if d”” =|;, then the machine might mutate the memory of the
i-th child of the current node v before the head position comes back to v (if it ever does). Thus, we cannot predict the lookaround
information for the i-th subtree at the next visit of v, so we record the direction |; as our one allowed exception. A similar analysis
holds when d =T regarding the context above v.

e However, since the moves of the head are local, the memory of the rest of the tree (that is, outside of the aforementioned subtree or
context) is not going to change before visiting v again. This is why the new machine also records pj(q’,m’), ... to memory, to be
used at the next visit. (Here (g’, m’, o) is the argument passed to the transition function.)

Formally, recall that the transition function involves a relabeling of state call leaves; we define it as:
tymo(q”,m”,d") = ((q".p"), (m",d", ", .. o [ A7)

where r{’ = p{(q’,m’), f” = ¢’(q’,m") and

. {5LA[(0, m"”,notHere)|(rf’,.... 1/l o)) € Qra ifd” =1

f" obral(o,m”, notHere)](r, ..., ¥/ ;=7 ifd"” =|;

’’ rll
i+1°°**° "rank(o)

Let us explain the case d”’ =7 of this last equation (the other case is similar). Let (v, ¢’, ") be a reachable configuration, with (o, m’) being

the label of v in #’. By moving in the direction T we go to the parent w of the node v. It must be the case that w has already been visited

before (in order to reach v from the root), and the last visit to w has concluded with a move towards the child v, in direction |; for some i.

The responsibility of the transition from (v, ¢’, t') to the successor configuration (w, (q”,p"’),s’) is therefore to make sure that p” = p; (s, w)
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where s is the projection of s’. By unfolding the definitions, and noting that s” and t” differ only at the node v, one can check that the above
choice for p”” works.

A final detail: our new uTHM uses the bottom-up initialization feature from Lemma 3.15. If the input subtree rooted at a node is o (t1, . . ., tx)
then its initial memory is

(T,8Lalt; X {(T,notHere)}],...,daltk X {(T,notHere)}],null,..., null,id)
S ——
Ry — k times

This guarantees that the correspondence between p, ¢ and p’, ¢” holds at the first visit of each node.

B Proofs for Section 4
We prove first the first statement of Theorem 4.7, namely that any MTT can be translated into an equivalent uTHM.

ProOF OF THEOREM 4.7. Before formally defining the equivalent uTHM HH, we explain how it simulates M. The main difference between
MTT and uTHM is that the MTT processes its input once while having pointers to different parts of its output, while the uTHM can process
its input several times, but only produces its output in a top-down fashion. On the other hand, a uTHM has access to a finite memory
for each node and for each branch of the output. In order to simulate M, the uTHM H applies, for each branch, an outside-in evaluation
process, meaning that it always evaluates the topmost call state of a branch. It also stores in each node the sequence of remaining calls to be
processed.

H starts simulating M at the root, applying its initial transition. When H reaches a node from its parent, it does so in a given state q of
M. Together with the node label o, it gives a transition (g, o) of M, where r € Try(g x;)(Yx) with j being the rank of o and k being the rank
of q. The corresponding transition of H produces a tree where each branch b is truncated at the first (Q, X;) symbol (q’, x;). It launches a
head in state ¢’ on direction i, and writes on its node the truncated part of the branch b. If there is no (Q, X;) symbol, then either the branch
is done and nothing else needs to be done, or there is a ¥; symbol, in which case the reading head moves up, back to its parent, in a state
indicating the branch i being produced.

When H reaches a nodes from one of its children, then it contains a remainder of the branch to produce, and the state indicates which
branch to follow. It then acts similarly to above, according to the state at the top of the branch, minus the state call at the root whose
simulation has finished. The computation stops when all branches have reached their respective ends.

Formally, let M = (Q,3,T, qo, 5). We define a uTHM H = (P,N, T,%,T, po, @) as follows. We set the set of states P = Q U [Rp] and
po = ¢o. To define the memory N, we need to consider the possible productions of M. We first consider Out to be the set of output trees
8(q, o) for g, in Q, X. Let Out’ be the set of subtrees of elements of Out that are rooted at an element of (Q, X;). The set of memory symbols
N is finally defined as {T} U Out’.

It remains to define the transition function a:

e «(q, 0, T) produces the tree §(g, o) where each branch is truncated before the first symbol that does not belong to I', and for each
truncated subtree t, we set a processing head:
- (g.t, j) if the top symbol belongs is (g, x;),
— (i, T,T) if t is reduced to a parameter Y;.
e «(i,o,t) behaves similarly to the first case, using the i-th branch of t (without its root) instead of §(g, o). Note that in this case
a(i, o, t) nonetheless produces the possible finite I' branches attached to the root of ¢.
o the case a(q, 0,t) is undefined as it does not appear since H only reaches a node in a state in Q if its memory is emptied (i.e. in
memory state T).
e Note that the uTHM can only reach a node in a state i coming from one of its children, so the case (i, o, T) does not happen either.

We now prove the correctness of the construction, namely that [M] = [#]. As mentioned earlier, we in fact prove that H realizes an
outside-in evaluation of calls of M on every branches, meaning that it produces its output similarly to M does by always applying the
topmost derivation possible on each branch, called the outside-in derivation. This proves the correctness of simulation since all derivations
of MTTs lead to the same output.

In order to prove this, we describe what outside-in partial derivations of M look like. The MTT M processes its input in a top-down
fashion, stacking state calls on the partial output. A state call (g, s) is replaced, by a derivation step, by a tree whose state calls are children of
s. If the topmost state call is processed each step (branch-wise), then the state calls of children of a node are processed before its own state
calls. The resulting derivation is a tree where for any branch, all state calls of siblings of a given node are grouped together. More, the depths
of state calls in the derivation tree are inverted compared to the depths of the node they point to.

Let us consider a partial output ¢’ of M over some input ¢, meaning that (go, t) =3, t’, obtained using the outside-in derivation. We show
that H reaches a configuration where it has produced the maximal prefix t”” of ¢’ that belongs to Tr, and for each topmost node n = (g, s)
appearing of ¢’ (hence not in "), H has a processing head on s in state q. Moreover for each node s’ and such node n, the memory of s’ for
the branch denoted by n is T if s is a descendant of s, and otherwise contains the maximal subtree of t"” below n containing symbols of '
and all state calls on its children, and such that its root is a state call.

At the start of the computation of M, nothing is produced and the initial configuration of H satisfies this property.
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Now assume that property holds true at some point of the computation, and let n = (g, s) be the topmost node of some branch b of ' that
does not belong to I'. The outside-in derivation of M on this branch applies to n and replaces (g, s) by §(g, lab(s)). By induction hypothesis,
H has a processing head of s in state q. Since n is the topmost state call and points to s, there is no state call related to any children of s,
so the memory state of s is T. The derivation of M replaces (g, s) with the context ¢ = §(g,lab(s)) and plugs it in ¢’ to form a new partial
output #”’. Similarly, the corresponding transition a(g, lab(s), T) produces the I part of ¢. For any branch of ¢ with a state call, let n” = (¢, si)
be its topmost state call. H launches a processing head on si in state ¢’, and stores on s the (possibly empty) tree below n’, satisfying the
invariant for the unfinished branch. If a branch of ¢ is entirely comprised of I'-symbols, the branch is entirely computed and the invariant is
also satisfied. Finally, if a branch of ¢ ends in some parameter Y;, the possible topmost state call of ¢”” of this branch relates to a node s” above
s. The machine H moves up, in state i, up to the first ancestor node that still contains a state call in its memory state, possibly updating the
state i. Thanks to the invariant, it corresponds to s” and the memory state of s’ contains the remainder of the branches to produce and the
state indicates which branch is being produced. The transition applied here then launches a processing head on the child of s corresponding
to the state call, in the corresponding state, and removes from ¢ the produced part, satisfying the invariant.

This proves that [M] C [H] when seen as relations. And since M and H realizes total functions, this means that [M] = [H], which
concludes the proof. O

The second point of Theorem 4.7 is a consequence of the more general following property: each call of the machine M to a node u
corresponds exactly to one downward visit of the machine H to the same node u. Indeed by construction of H, each downward visit of H
to a node u consumes a call stored by its parent. As the memory is constructed from transitions of M that are yet to be expanded, we get
that calls of M are in bijection to downward visits of . Then the number of downward visits at an antichain S of nodes of an input ¢, for a
branch-outputting run of H, is the number of calls of B that can be stored in nodes of S by the branch-outputting run, which is bounded by
the maximal number of M that can be stacked during a computation of M™®.

C Proofs for Section 5

The goal of this section is to construct, given a finite visits THM, an MSO-SI that realizes the same function. The main ingredient of the
proof is the use of local profiles, which are abstractions of the run of a THM at a given input position regarding a given output position.
Thanks to the finite visits property, local profiles are bounded. We use them for the coloring X; of the MSO set interpretation. A global
profile of an input then associates to each input position a local profile. The domain formula of the MSO-SI states that a global profile is
coherent, meaning that all local profiles concern a same output position.

To define the successor and ancestor formulas, we rely on the fact that the local profiles for a given output position are extensions of
the local profiles for its ancestors, as THM produces their output in a top-down fashion. In particular, this means that a partial run up to
producing a given output position has to produce all its ancestors.

For the remainder of this section, we fix a (finite visits) THM H = (Q, M, T, %, T, ginis, ). We denote by B (resp. PB) the set of (resp. prefix)
branches in the right hand side of transition rules of H, i.e. the set g, B(6(g, 0,m)) (resp. Ug 5.m PB(5(q, 0, m)))).

C.1 Hennie Profiles

A node of the output tree H () for some input tree ¢ is uniquely characterized by the branch-outputting run leading to it. Said branch
is determined by a sequence of transitions of H on t, i.e. by an input node, a state and a memory state. Should we call a visit pair a pair
composed by a state of Q and a branch of Bp, the trace left on an input node of producing an output node is a finite sequence of visit pairs.
Formally, we set:

Definition C.1 (Local profiles). For o € £, a local H Hennie profile over o is a finite sequence (qy, b1), . .. (qk, bx) of visit pairs that satisfies
the following conditions:

(1) k is smaller of equal to maximal number of visits of H.

(2) forall0 <i < k-1, b; is a branch of B and its leaf is a reading head,

(3) bo € B(6(qo, {0, T))) , and

(4) Vi <k —1,bi11 € B(8(qi+1, {0, m;))), where m; is defined inductively as the memory set by the previous transition.

We call Ag/(0) the set of local H Hennie profiles over o, or simply A(c) when H is clear from context, and Agy = UsexAzs(0) the set of all
local H Hennie profiles.

Intuitively, a local profile requires that at each visit of the input position, the memory state corresponds to the one written by the last
visit (or T for the first visit). We also require that each visit but potentially the last selects a complete and non terminating branch of the
production of the transition.

Producing a an output node, and the branch leading to it, might require to visit several if not all nodes of the input, generating local
profiles for all input nodes. This gives rise to the notion of global profiles:

Definition C.2 (Global profiles). A global H Hennie profile a over t is a mapping from nodes of ¢ to local { Hennie profiles respecting the
condition: Yu € Dom(t), a(u) € Ags(lab,(u)). We call Ng/(¢) the set of global H Hennie profiles over ¢.
18

2031
2032
2033
2034
2035
2036
2037
2038
2039
2040
2041
2042
2043
2044
2045
2046
2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
2059
2060
2061
2062
2063
2064
2065
2066
2067
2068
2069
2070
2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087

2088



2089
2090
2091
2092
2093
2094
2095
2096
2097
2098
2099
2100
2101
2102
2103
2104
2105
2106
2107
2108
2109
2110
2111
2112
2113
2114
2115
2116
2117
2118
2119
2120
2121
2122
2123
2124
2125
2126
2127
2128
2129
2130
2131
2132
2133
2134
2135
2136
2137
2138
2139
2140
2141
2142
2143
2144
2145

2146

Global profiles assigns to each node a local profile corresponding to its label. The next notion allows us to describe global profiles that
effectively characterize partial runs.

Definition C.3 (Execution order). Consider a global Hennie profile . For u a node of t and i an integer, we denote by (u, i) the i-th visiting
pair (g;, b;) of a(u) if it exists. An execution order of mnu is a total ordering <, of all visiting pairs (u, i) such that:
e Forallu, (u,i) <¢ (u,j)iifi < j,
o For all visiting pair (g, b) of some node u, with the leaf of b being some head (q’, m, d) if, and only if, there exists some visiting pair
(q’,b") inud and (¢, b’) is the <.-successor of (g, b).

We finally define coherent full profiles that we later prove to be the colorings we need to define the MSO-SI transformation.

Definition C.4 (Coherence). A global profile is said to be coherent if it admits an execution order whose smallest element is the first visiting
pair of the root, with state g;,;;.

ProrosITION C.5. In a coherent global profile v over t, there exists a unique u € Dom(t) that contains a branch b which endpoint is not
labeled in (Q, M, D).

PRrROOF. A pair (g, b) has a successor if and only if the endpoint of b is labeled in (Q, M, D), but the order <, needs to be total, so there
must be exactly one visiting pair whose endpoint is not in (Q, M, D) : the maximum (u, i) of <,. O

The previous definitions amount to this key lemma that links coherent global profiles with output nodes.

LemMA C.6. Given an input t of H, there is a bijection between the output nodes of [H](t) (or equivalently branch-outputting runs with a
distinguished node in the last branch) and the set of coherent H -profiles over t.

Proor. First, let  : Dom(t) — Agy be a coherent global profile with execution order <. Using Proposition C.5, there exists exactly
one node u with a visiting pair (q,b) € a(u) such that the endpoint of b is an element of I'. We prove by induction on the execution order
that the concatenation of the branches of the visiting pairs along the execution order is a branch-outputting run of [H](t) with the last
transition potentially truncated. Then by Proposition C.5 the endpoint of this truncated branch-outputting run is an element of T, thus an
output node of [H](t). Initially, the smallest element of <, is, by definition of coherence, the first visiting pair (ginis, b) of the root of t,
where b is a (potentially truncated) branch of §(ginis, lab(¢), T). Hence at the first step b is a possibly truncated branch-outputting run of the
initial transition of H on ¢.

Now suppose that we have constructed a branch-outputting run b, ...b, up to some visiting pair (g, b,) of some node u of ¢, and let
(q’, m,d) be the endpoint of b,. Note that if the endpoint of b is an element y of T, by proposition C.5 we have exhausted the execution
order and we can conclude. By definition of the execution order there is a visiting pair (¢, b") in ud that is the successor of the visiting pair
(g, bn). Then b’ is a branch (or a prefix of a branch, in which case we can also conclude) of §(¢q’,lab(ud), m") where m’ is the last memory
state written at ud by the previous visiting pair (or T if it is the first visiting pair of the node). We concatenate b’ to the already produced
branch-outputting run by replacing (q’, m, d) by b’. As we followed the transition of H, we successfully extended our induction.

Conversely, given an output node o of [H](¢), we construct a coherent global profile as follows. Using the branchwise semantics of THM,

b bp- ) .
consider the unique sequence x RANE LN xn where xo = Cipiy and m(by . . . by—1y) is the step by step branch computation from the

initial configuration up to the computation step that output node o. Let x; = (u;, ¢;, t;) for all i < n Then we construct the local profiles as
follows: local profiles are initialized as the empty sequence. Then for i ranging from 0 to n — 2, we add to the node u; the visiting pair (g;, b;),
and we add to u,_; the pair (g,-1,b") where b’ is b,_; truncated at 0. We prove that the set of sequences we defined is a coherent global
profile. First, they are local profiles since :

(1) each profile has a length corresponding to the number of visits of the node, it is hence bounded by the maximal number of visits.

(2) Each b; is one computation step of H, so it is a full, branch of a right-hand side of §, and ends with a reading head except for the last
configuration x,,

(3) The first visit of a given input node has the memory set to T,

(4) The branch b; is the result of applying the transition of the reading head in state g;, with the memory set by the last visit of the
position.

It is then a global profile since all visiting pairs of the local profile apply transitions of the label of the corresponding node. The execution
order is naturally defined by the sequence of b; ordering their corresponding pairs. By construction it satisfies both conditions of the
definitions. And finally it is coherent since we start at the initial configuration. O

We are now able to define the labeling formulas ¢,.

LemMaA C.7. We can construct MSO formulas ¢, ({Xy | A € Aw}), fory € T, such that for any input t and assignment a : Dom(t) — Aqy,
(t,a) = ¢, ({Xa | A € Aw}) if, and only if, a is a coherent global profile in bijection with an output node labeled by y.
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Proor. We first define a formula ¢({X) | A € Ag}) such that (¢, a) |= ¢ if, and only if, « is a coherent global profile. First, the formula
states that the sets X; form a partition of the domain of ¢. The predicate x ef{ is interpreted as the node quantified by x is labeled by local
profile 1. The global profile condition is simply the subformula ¥y, = ¥x, Agez(0(x) = Ve Ag(o)X € X ). Next, we define the execution
order via a formula ¥; ; (x,y) that is satisfied if the successor in the execution order of the i-th visiting pair of the profile of x is the j-th
visiting pair of y. As the successor in the execution order is always a neighbor (self, child or parent) and only depends on the local profile of
the two which is finite information, the formula ; ; (x, y) can be written as a disjunction of types on x and y in its direct neighborhood. Then
the existence of the execution order is the formula stating that the transitive closure the successor formula is a total order, i.e. transitive,
reflexive and antisymmetric, which are all MSO definable properties. Finally, the coherence is defined by stating that the minimal element of
the execution order is the first visiting pair of the root. The label y correspond to the label of the maximal element of the execution order. O

We conclude this Section by giving the reduction from THM to MSO-SI.

PrOOF OF THEOREM 5.3. Similarly to the proof of Lemma C.7, we set ¢ = |A¢|, the number of second order variables of T is equal to the
number of local profiles. The labeling formulas ¢, are taken from Lemma C.7.

Finally, we need to define the ¢; formula interpreting the i-th child relation as well as the ¢4, formula interpreting the ancestor relation.
A global profile a describes the ancestor of an other global profile &’ if, and only if, for all node u, a’ (1) is obtained from a(u) by adding
visiting pairs to it, and by enriching the maximal element of the execution order. This is a local property that can be tested separately on
each node, verifying that a’(u) is indeed an extension of a(u), and both are coherent global profiles. Similarly, a coherent global profile a’
describes the i-th child of an other coherent global profile « if &’ is obtained from « by replacing the maximal element of the execution order
(g, b) with b ending in some y by (g, b") where b’ is b enriched with the i-th child in the transition §(g, (o, m)). Then either the leaf of b’ is
an element of T, or the local profiles of o’ are local profile of @ enriched with visiting pairs whose branches are reduced to a single node.
The fact that o’ is a coherent global profile assures then that all these branches added are reduced to a single reading head, except for the
maximal element. As these properties are MSO definable by a disjunction over the finite set of local profiles, we are able to define formulas
¢; for the successor. O

D Proofs for Section 6

D.1 Proof and further details for Claim 6.7

We first look at the k-ary application of actors in general. Recall that OM(A — B) = {L} X IM(A) U {R} X OM(B) and that IM(A —o B) is
defined similarly. We use the abbreviation arg;m = (R,... (R, (L,m))...) with i — 1 times R.

ClaimD.1. Letk e N.LetT IFa:B; —o--- —o By —o Aand T I §; : B; for i € [k]. Then:

k k k

(S] — N° S] D —N® S] S] S} S] 53] S] (S]

Qp(ar)..(a) = Lp % [—1[ Qui  Qptar).(ag) =g % 1_1[ Qe Y LJl Qp X Quy X+ X Quy_y X Qo X Qg+ X Doy
1= = =

where = denotes bijections that only reindex products. Intuitively, at any time, at most one of the subprocesses is active.
The initial state is (g5 5 oy - - 90, ) and the transitions are:

5/?([11)“_(%) : ((q/?, qfl, .. ,,qfk), m) — (5?((1?, (R,...(RM)... )),qgl, .. .,qgk) with k times R

P? (4595, 0% q5,)
ey o) (A5 G-+ G-~ A P y(Ps ) = v (g5 4ays - PPs -4 -) (62 (¢2))
(p%.m) > (85 (g5, argim), qg,, .. P qg,)
A VAN AN |
YY) = y((0%. g6, q5)s )
(p©,argim) = (p°, g5, 5 (qq, M), - .. 4g,)
(P R (RM)..)) = ((p%.q5,5 -, g5, ), M)

(95-9ay:- - ) = (65 (gp))

Proor. The case k = 0 is tautological, while k = 1 is the definition of application, up to the bijection that swaps pairs. Inductive case:

k k+1
(S _ (<] (€] _ (€] o (€] ~ o (€]
Qptar)-(axn) = et X Lptar)..(e) = Leten X (Qﬁ <[] Qai) =5 x| |5,
i=1 i=1
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(S] _ (3] o (S] (53]
Qp(ar) ... (@) = Laer X Lptar)...ar) ¥ Lot X Lpan)...(er)

k k k
_ o 1<) e 1<) ® e o e e ® o o
= Quy XQﬁ XHQ%‘ U Qg X Qﬁ Xl_[Qai UUQﬁ X Quy X+ X Quy y X Quy X Qpyyy X Q.
i=1 i=1 i=1

k+1 k

k
S] S] b (5] S] S) S] S] b S] (S]
Qﬁ XnQai XQ“kﬂ UQ[i Xl_[Qai UUQﬁ XQal X'”XQai—l XQai ><Q0!1'+1 ”'XQakﬂ
i=1 i=1 i=1

IR

k+1 k+1

of x [ [og ulJop <02 x--x 02 x 08 %05, %02,
i=1 i=1

1R

The expressions for the transitions can also be derived inductively from the definitions. O

Let us now fix an actor-based tree transducer with the notations of Definition 6.6. By structural induction on ¢ € Ty, and using the above
claim, we can deduce expressions (up to product reindexing) of the states and transitions of ; involving Dom(t), using the fact that

Dom(o—(tl) e trank(o‘))) = {g} + DOl’l’l(tl) L Dom(trank(a))

Finally using the definition of application we can describe the states and transitions of fou(@;). The states are given in the statement of

Claim 6.7. The initial state is g5 = ((qoe)labt(u))uEDom(t), oout)> and we have 5°((q, g5,0) @) = (G 5 (G ®))-
For an active state of the form x = (1, ¢%, (¢5)vxu. ¢5), We have 6°(x) = f,C(Sf‘jbt(u) (¢®)) where

Lo v Piiey) P V(T (45 o Goue)s - - )
PEB = (u>P®s (qg)vﬂb q(?ut)
(g5, arg;m) — (ui, 5ﬁbt(ui) (@i (R (RM))), (95)ouis Gont)
(¢S, (R,...(RmM)...))

——
rank(lab; (1)) times R

{(w, 5§b[(w) (¢S, argim), (¢9)ozw 45y  if u = wi for some i

((q?)uEDom(t)a 5?ut(q?uts (L’ m))) OtherWisea leu=¢

Finally, 6% (((¢$)uepom(+) %)) is given by the case (g5, q;‘;) of Definition 6.5.

D.2 Proof of Lemma 6.8

We design a machine { whose runs on the input ¢ simulate Sou:(a;) step by step. Its states and memory values are:

On =05,V JOEx 05  Mu=]05

oeX [
A configuration (u, g, pt) of H represents an active state ¢ of Sout(@;) when:

o either qE€ Q(G)But and CISB = ((.u(v))vEDom(t); q),
o orq = (g3 gou) and ¢° = (g5, (1(0))oru Gouy)-
The initial state of H is 5?ut(q(?, oup ®)- Using bottom-up initialization, for each node with label o, we take the initial memory value to be qg o
This way, the initial configuration of H is the unique representation of 5° (g5, ) where g5 is the initial state of fout (). (However, the
representations of active states in Q% \ (ngm oty X qut) are not unique: the memory value at the current position is undetermined.)
The argument of the transition function is some regular lookaround state, containing enough information to determine:

e the label o of the current node;

o the current state — let us treat here the case where it has the form (g%, q?ut);

e the labels 0y, .. ., Orank(s) and memory values qle, ... of the current node’s children;

o cither the label oy, and the memory value qu of the parent or the knowledge that the current node has no parent i.e. is the root.

On such an input, the transition function returns the result of applying to 62 (¢®) the map

2% ((p% ¢5,), [some arbitrary value], () (note the stay-instruction)

y(®e,. ..,pgnk(c)) — y(((p2,q5,), [some arbitrary value], ©),...)

(p® argim) > (55, (g7, R.... (R M), gg), p°, 1)

P R...RmM)) (53;(‘]062, (L,m)), pee, ) . ?f the current node %s the .root .
((50up (q5p- arg;m), qoue)s p°, 1) if the current node is an j-th child

(for a non-root node, this number j can also be determined by regular lookaround). This definition closely reflects the transitions of fou ()
described in the previous subsection of the appendix, in order to get a step-by-step simulation.
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E Details and proofs for Section 7

E.1 Specification of our affine A-calculus
Grammar of A-terms: t,u ==x | a | Ax.t | tu | (t,u) | m t | m t. Reduction rules: (Ax.T) U —4 T[x < U] and m; (Ty, Tz) —¢ T;. Typing:

®|O©,x:ArT:B P|OFT:A—-B ®|O&+U:A
|0,x:Arx:A O|OFIx.T:A B 30,0 +rTU:B
D|OFT:A ®|OFU:B ®|OFT: A &As .
D c:A|OFc:A O|OF(T,U): A&B oot 4 Cet)

E.2 Proof of Lemma 7.7

In order to show that f-reduction, starting from a A-term built from an input ¢ € Ty by our A-transducer, simulates the tree-generating
machine for H on the same input f, we explain how relate configurations of H to A-terms.
First we note that (u, g, #) € Conf(H, t) contains the same information as the data of:

o the state g;
o the subtree ¢ [, annotated with the memory values from y — this gives us a tree 7" € Tz mys
o the context t[u « [J] above u, plus memory annotations, yielding a one-hole context ¢, ”T<2’M> ({O}) with a single leaf with label OJ.

We explain how to represent (memory-annotated) subtrees £, then contexts L then configurations.
Definition E.1 (set of A-representations of a subtree). [—],: T(s,my — {sets of terms of type A} is defined by:

ifk < w(m)
Ti ... Trank(o) | T € Nrank(o) T2 ¢ [ti]ni} otherwise

%]
r(G, m>(tl’~ . wtrank((r))-lk = 7k
Tom
For contexts note that the continuation passed to a subtree behavior can also be thought of as the behavior of the surrounding context.
Let B, = A,_1 —o 0%Q for n > 1, so that A, = B,, —o 0%Q. We define | C], as a set of terms of type By, for a one-hole context C.

Definition E.2 (set of A-representations of a context). |—]x maps one-hole contexts to sets of terms of type By for k > 1. It is defined by
induction on the depth of the hole [J: the base case is [J|x = {Ax. (yo | ¢ € Q)} and the inductive case is

LC[O « {o,m)(t1, ..., 1, O, tisr, .. )] = {Ax. TH T oo x . Trank(oy U | €N 5y =k~ 1, Tj € [tj10,, €2 0(m), U € Lcj,}
Definition E.3 (set of A-representations of a configuration). [[—|| maps configurations to sets of terms of type o:
Mg ={mg (TU) |3k > 1:T € [t U € 1,15}

We define («v) C {A-terms T s.t. T¥ | @ + T : 0} X Tr(Conf(H, t)) as the relation generated from T e (u,q, ) < T € [[(u, ¢, 1) || by
the context closure (Vi, T; e~ ¢g;) = y{(T1,..., Tx) «~ y(g1, ..., gk) (g stands for “global state”).

LemMA E.4 (SIMmULATION). For all (u,q, i) € Conf(H,t) andV € [[(u, q. p) ||, there is V —>2 V' s.t. V' e~ computation-step((u, q, j1))-

ProoF. Let o = lab,(u) and m = p(u). By definition of [[-||, for some T; € I'?ul"u'|,,l, v s Trank s € [?urank(d)’”'l,,rank(o) and U € [t ]k,

T =g (Tj,’; Ti ... Trank(o) U) —>; (encoding of §(g, o, m)) [the substitution of §7.2] [Z « T, x « U]

call this Smove call this sg

Meanwhile, the inductive definition of © on Tr(Conf(H,t)) entails that the image of (u, ¢, 1) by the computation-step function can be
similarly described as §(q, o, m)[(q’,m’,d) « (u,q, 1) S (q¢’,m’,d) Vq',m’,d]. Therefore, it suffices to check that:

Vg',m',d, 3V (g m d)smovesp = Ve (g, 0) S (¢'sm',d)) = (ud, g, 1)
where p/ (1) = m’ and p'(v) = p(v) for v # u, and (¢’, m’, d") ranges over the labels of leaves of §(g, o, m) of this form. If there is no such leaf,
then the result is vacuously true. If there is at least one, then we have: k > w(m) > w(m’) > 0. Note that the definition of sy,ove depends on

whether k = 0 or k > 1; thus, the weight-reducing property guarantees that we are in the latter case.
We then proceed by case disjunction on d.

o First we consider the case d € [rank o], i.e. d #7.
ik
(CI', m’; d)smovesﬂ =g (Zd (AZner T:’ml 21 ... Zd—1 Znew Zd+1 - - - Zrank(o) x))sﬂ nld =ng—1

= 1tgr (T (Aznew- T2 25 Ty - Ty Znew Tae1 - - - Tank(o) U)) n =n;fori#d

call this U’
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One can recognize the shape of a A-representation of a one-hole context: U’ € [t'],, where
v =t [0« (om )@, g e )

=t [0 = (o @)@ 0 Y =,

’

Note also that Ty € [Ty yln,; = [Tudy 1ny- Therefore (¢', m’, d)smovesp = g (TaU’) € [[(ud, ¢, 1) |l
o In the remaining case d = T, we can assume that u is not the root, since we are translating a THM that realizes a total function.
Therefore, writing o’ = lab; (uT):

i, ko, Ny
U € Lty Je = Ly, [0 (0@, O Ty g o T U]

(q's ', DSmoveSp = T (x (Ti;ﬁrlz))sﬁ =1y (U (T[ff;’;jlf)) —p Ty (T;’,"i(ﬂ) T ... (Tfr’;flf) o Theion U)

call this V"

First, from the shape we can see that Tf;’:l,_l T € [T k-1 modulo one sanity check: since H is weight-reducing,
w(m') <o(m) <k therefore om) <k-1

Also, if u is an i-th child, then TJ’ € |-£14T]'»Il-|";' for j#iand U’ € I-zuT,pJ[ andn! =k —1and ¢ > p(ul) = i/ (u) by definition of | —].
Therefore, V"’ € [[(u, ¢, 1) |- o

Remark E.5. We only use the fact that the memory writes that occur during upwards exits are weight-reducing. Thus w could be replaced
by a function on memory symbols that bounds the upwards exists instead of the number of visits. This is consistent with the intuitions for
“n-truncated behaviors” given in the main text.

To conclude the proof of Lemma 7.7, we observe that the A-transducer that we build maps t € Ty to a A-term

(Az. Tqinit (z(Ax. (o lqe)) T B Nqinit (T: (Ax.{yo | g € O))) € [[(&, Ginit> pinit) ]| = [[Cinie (2) ]
—— ————

7°Hmit ] by structural induction in [~ by definition

in [¢

F Proofs of Section 8

F.1 Proof of Claim 8.3 and Corollary 8.2

Let H be a THM with [H]: Tr — Ty and R a bottom-up relabeler with [R]: Ty — T=.

We first give a justification of Claim 8.3: the new machine for g¢; uses bottom-up initialization to copy in memory the values provided by
the input, then performs a tree traversal to position its head at the position indicated by the configuration, and finally, it simulates H.

For any position u € [Rz]* and label ¢ € Z, the language L, s = {t € Tz | u € Dom(t) A lab;(u) = £} is regular. A classical property of
bottom-up relabelings is that they preserve regular tree languages by inverse image; and so does g¢. Therefore, g,;(l( [R](Ly,e¢)) is regular.

Let h be the maximum height of a tree in the range of the transition function of . There are finitely many languages g,/ ([R] ' (Ly¢))
for u of length at most h and ¢ € . Thus, without loss of generality, we may assume that these languages are all recognized by the same
bottom-up automaton (8, Q), with only the set of accepting states changing. This means for every u € [Rz]<" there exists a partial function
Yu: Q — Esuch that ¢, (6[t]) = labygy(g,,(:)) () for any tree t. Note that if t encodes a configuration of H reachable on the input tree s, then
g74(t) appears as a subtree of [H] (s) at some position w. Then the bottom-up nature of R entails that labyr] ([ #](s) (wu) = labyr] (g (1)) (u).

We can now sketch the construction of a new THM with regular lookaround (cf. Theorem 3.20) that computes [R] o [H]. It simulates
H step-by-step — more than that: its states and memory values (and therefore its configurations) are exactly the same — while applying
the relabeling on the fly. The lookaround automaton is (§, Q); we assume, again w.l.o.g., that if ¢ encodes a configuration of H, then the
lookaround state §[¢] suffices to determine the current state of this configuration, as well as the label and memory value of its current
node. The new transition function maps a lookaround state to a relabeling of the image of the corresponding (state,label,memory) tuple by
the transition function of H. To determine the new label at position u, we just apply ¥, to the lookaround state — this is justified by the
reasoning in the previous paragraph.

F.2 Proof of Theorem 8.4

Given H and N two Hennie machines, we aim to construct a Hennie machine G that realizes the composition N o H. Over an input tree ¢,
G simulates the execution of A on the intermediate tree [#](t) by simulating 4 to build it implicitly in memory. During the execution of
G. each node of ¢t holds in memory all the right hand sides of rules of # that it has produced. We compute that lazily, by moving forward the
simulation of H only when A asks for a yet unknown part of [#](t). In addition, each node of [H](¢) in memory of G is decorated with
the memory of NV used in our simulated run of N. We remember where the reading head of N is in the intermediate tree [](¢) by adding
a pointer to our memory symbols.

23

2611
2612
2613
2614
2615
2616
2617
2618
2619
2620
2621
2622
2623
2624
2625
2626
2627
2628
2629
2630
2631
2632
2633
2634
2635
2636
2637
2638
2639
2640
2641
2642
2643
2644
2645
2646
2647
2648
2649
2650
2651
2652
2653
2654
2655
2656
2657
2658
2659
2660
2661
2662
2663
2664
2665
2666
2667

2668



2669
2670
2671
2672
2673
2674
2675
2676
2677
2678
2679
2680
2681
2682
2683
2684
2685
2686
2687
2688
2689
2690
2691
2692
2693
2694
2695
2696
2697
2698
2699
2700
2701
2702
2703
2704
2705
2706
2707
2708
2709
2710
2711
2712
2713
2714
2715
2716
2717
2718
2719
2720
2721
2722
2723
2724
2725

2726

Finally, to allow movement of the simulated reading head of N between different [H](t) fragments, the root and some leaves of tree
fragments are enriched with link symbols, which take the place of those [#{](¢) fragments that are stored at a different input node in . They
contain the information of what is the node itself, and a precise tree in the memory forest of said node, indicated by a natural number.

There are only finitely many transitions rules in /. Additionally, as long as forests are of bounded size (in the number of trees they
contain), then there also are only finitely many link symbols to decorate trees with. Thus, if our forests have bounded size, then we need
only finitely many memory symbols.

Lets us describe formally the tools we’ve introduced here

Definition F.1 (Ordered pointed forest of pointed trees). A pointed tree on X is a tree in ¥ together with a node e in its domain. An ordered
pointed forest m of pointed trees of size k, on alphabet 3, is a finite sequence ty, . . ., fy of pointed trees on ¥ together with a natural number
1 <o <k.Forl<i<k, weusee; to denote the distinguished node in tree t;.

The following notations are useful when discussing pointed forests : if ¢ is a pointed tree on alphabet ¥ with memory in N, and s € Dom(¢),
then t[e = s] is the tree obtained by setting the pointed node to s. Letting o € X, we also define t[® « o] the tree obtained from ¢ by setting
the label of e to . In a similar fashion, if m is an ordered pointed forest of pointed trees on X of size k, and 1 < i < k, then m[o = i] changes
the pointed tree of m, and m[i « t] sets the i-th tree to be t.

To have an easier description of the transition function of N o H, we allow it to take stationary transitions, that do not move the reading
head, as discussed in Section 3.5.

THEOREM F.2. Let H = (Qgy, Mgy, 2, T, q?H, d4) be a THM which visits input nodes at most Cr, times, and N = (Qn, Mn, T, E, q(l’v, On) a
narrow-visit Hennie machine, visiting on each branch outputing run on a tree of Dom([N]) N Im([H]) the union of at most Cy,, branches.
Then there exists a THM G such that [G] = [N] o [H].

Definition F.3 (N o H ). Letting the maximum forest size Cr; = Cry X Cpno, we define G as follows : Its set of states Qg is separated into
three subsets we call "regimes"

Qg = (Y U (Qn X [Cps]) U(On X Q1 X [Crs] X [Crs]) U {qzero}
—_——
N-simulating regime  G-machinery regime ‘H-simulating regime

Its set of memory symbols is Mg the set of pointed ordered forests of pointed trees over the alphabet (T, My) U Link, with size < Cys.
Link are special symbols used to hold both the necessary information about the inter-fragments structure of the intermediate tree, and the
memory of our simulation of . We explain the intuition behind their definition later while discussing the transitions dg of G, and here, we
only define them as

Link = (Qa X DRy X [Cg]) U (Qw X Dry X [Crs]) U (O X DRy X Q)

DownLink, of arity 0 UpLink, of arity 1 DownNewLink, of arity 0

The input and output alphabets are ¥ and Z. The initial state is qzero, and the initial memory the empty forest.

Finally, we describe the transitions of G, grouped by how they move between different regimes of the states of G. The following figure is
a representation of the 5 types of transitions.

G-machinery regime

< o

N-simulating regime

i

H-simulating regime

A first transition is used to initialize the memory content at the root of the input tree : we let 5g(qzero, (o, Tg)) = {(qo, t*, O) where t* is
built by taking (S(H(qg_l, (o, T4)), and replacing each occurrence of {q¢(, mey, d) with (qgy, myy, d).

Now let o € X, gqg € Qg, and mg € Mg. The right-hand side 6g(qg, (o, mg)) of the corresponding transition rule is defined by the
following disjunction, on five types of cases :

The driving type of transitions are the N' — N transitions, named after the second machine in our composition. They are driving in
the sense that the other types of transitions are taken lazily, not any earlier than when N' — N transitions come to need them. In the
N-simulating regime, where N' — N transitions happen, there is a part of the intermediate tree 7 (t) loaded in memory over the node which
we read, and we use it to simulate executing our second machine N over this fragment of the intermediate tree, updating the memory to suit
the needs of simulating A as we go along. Here, the forest-level pointer ¢ points to the fragment of the intermediate tree our simulation of
N is currently visiting, while the tree-level pointer e, is used to represent the precise position of the reading head of N in this fragment.
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Definition F.4 (N — N transitions). If qg € Qn and laby,, (e,) = (y,m) € (I, M), then we define the right-hand side as
8(qg, (y.m){g',m",d') — (¢, mg[es — (y.m")][e. = 0.d'],O)]

The second and third types of transitions we define are the N - G and G — N transitions. They are named after the composed machine
itself, because they do not correspond to any real step in an execution of either N or H, they are only related to the internal workings of G.
They are invoked when our simulated N asks for a node of the intermediate tree that is not in the current fragment. When this happens,
our construction guarantees they instead find an UpLink or DownLink symbol, say (n, d, i). For these transitions, we’ll only need the (d, i)
information. This tuple represents both : a direction, and the position of a tree in the forest stored over in this direction. This tells our
machine G where in memory is stored the fragment containing the node we were looking for. By taking a N' — G transition, the machine G
commits this information to states, and moves on the input tree to try and finally find this node.

Definition F.5 (N — G transitions). If qg = qn € Qn and labyg (e.) = (n,d, i), with i > 1, then we define the right-hand side as the root
only tree ((qn, i), mg,d).

Because of the particular shape of the resulting state of G, these transitions are always followed by the other type G — N. These
transitions consume the information i that was stored in state to place the pointers e and ¢ at the right place, preparing to resume the
simulation of the second machine N.

Definition F.6 (G — N transitions). Arriving in state (g, i) and reading a new memory symbol m’g, we take a transition of right-hand
side (g, m’g [0 =i][e; = ®;di], O). Direction d, is the unique direction that points to a neighbor of e;. It is unique because we only leave
a fragment when pointing to a symbol in Link. The definition of H — N transitions guarantees that all symbols in Link are either, by
construction of the memory, a root of arity 1, or a leaf of arity 0, so they have a unique neighbor.

Finally, we describe N' - H and H — N transitions. They can be seen as a particular case of the previous type : since the memory is
initially empty, we’ll, at the first visit, actually have to compute the fragments of the intermediate tree that we want to work on before
they can be processed. This is done "on the fly", when our simulation of N asks for them. That is to say, like with the previous N - G
transitions, it is done only when we encounter a Link symbol. The difference this time is that these transitions are triggered only by reading
DownNewLink symbols. They are the links that represent yet uncomputed fragments of [H](¢). Because the fragment does not yet exist,
we do not have any information about its position in the forest, but what we have instead is the necessary state gy that is used to compute
it, explaining the gy and d components of their (qy, my, d) shape. Once read and committed to state, this information is discarded by
overwriting with a DownLink symbol, pointing to a fragment that will be generated in the next transition. To ensure that the future fragment
will be able to link back to the current one through its root, we also commit to states the information ¢ of the position of the current fragment,
for use in a future UpLink symbol.

Definition F.7 (N — H transitions). If qg = gy € Qn and laby,; (o0) = (g#, mas, d), then we define the right-hand side as the root-only
tree ((qn, qo1, 1, 0), mg @ < (n,d,i)], O). i is defined here as the one plus the length of the forest in memory at direction d, and is computed
using regular look-around.

Like the G-machinery regime, the -simulating regime is temporary, and we always go back to N-simulating with a H — N transition.
Here we finally make use of the my; information stored in Link symbols : since we are guaranteed to leave an input node only witha N - G
or N — H transition, we know that the pointer o, (if it exists, i.e. the forest is non-empty), is pointing to a Link symbol. This Link symbol
contains the last written memory of H at this point in its current simulated branch-outputting run, and thus it will be used together with the
g in our current state to compute the new fragment. Every reading head in the right-hand side of our rule is replaced with a DownNewLink
symbol, we add an UpLink symbol at the root to link back to the fragment we moved down from, and finally we set the current visited
fragment to be this newly created one.

Definition F.8 (H — N transitions). Arriving on node sd from node s in state (qx, g, i, j) and reading a new memory symbol mg, we
take a transition of right-hand side (g, mg*, O), where mg+ is built from the forest mg by appending to it the tree d¢/(g4, (o, m4()), where
mgy is either Tq if mg is empty, or 7z (labs (e,)) if it is not. Additionally, in this new tree, we replace every symbol (g My d’) with
(g miy,d'), we add a new root (mq,d™", j) (where d ™" is the direction such that sdd~! = s, and can be computed using lookaround), and
finally set o = i.

Tueorem F9. [G] = [N] o [H]

The core of the proof relies on the notion of stitched tree. The stitched tree Stitch(c) is built from the memory g in a configuration ¢ of G
on an input tree ¢, and is defined as the tree obtained by plugging together all the trees fragments in memory, along pairs of DownLink,
UpLink symbols produced during the same G — H,H — G transition pair. Using the stitched tree, we decode from a configuration of
G both a configuration of N on [H](t), and the smallest global state in an execution of H on ¢ that contains all the node visited by that
configuration of NV. This explicits the link between configurations of G and pairs of configurations of N and H.

Definition F.10 (Stitched tree). If ¢ = (u, q, j1) is a configuration of G over some input ¢, v and «’ two nodes in ¢, we say that a node s in
p(u); of label (mqy, d, k) matches the root node in p(u’); of label in UpLink if and only if #’ = ud and j = k. Then the stitched tree Stitch(c)
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is the tree obtained by treating all DownLink symbols as symbols of arity 1, and, taking all forests p(u) together, adding an edge from
symbols in DownLink to their matching nodes.

Looking at the two transitions types of the H-simulating regime, we verify some nices properties of Stitch. Since a node only matches
another node that is created later, there are no looping sequences of matching nodes. Since each root node is matched by the DownLink that
was written at the last step, each tree fragment p(u); is plugged exactly one time in Stitch(c). And finally, every DownLink symbol has a
matching node (if g is not a state of the H-simulating regime).

Each node in the stitched tree comes from a unique fragment p(u);. Let us define the origin o(s) of a node s € Dom(Stitch(c)) as the
node u in the input tree such that s comes from some fragment p(u);. If u is a node in Dom(t), we define vs(u) as the memory symbol
mqy in the last DownLink symbol that has origin u along the branch leading to s. It is the memory symbol that was written over u by H
when s was produced by our simulated run of H. We decode the global state of H encoded in the stitched tree by replacing all symbols
(g, myy, d) € DownNewLink at some node s with (g, 0(s)d, vs), then removing all remaining DownLink and UpLink symbols.

This encoding describes a partial mapping R from nodes in fragments in p(Dom(t)) to nodes in [H](¢) : we first send any node that is not
a Link to its place in the stitched tree, then to the corresponding node in the encoded global state of H, and then to [H](¢) by inclusion. We
decode the configuration of N from a configuration (qg, u, 1) of G by taking the state of NV that is explicitely in qg, setting the reading head
to R of the pointed node of the pointed tree in the current memory symbol y(u), and defining the memory over a node s € Dom([H](t)) to
be the memory stored at its antecedent by R, or Ty if it doesn’t have one.

Lemma F11. [G] € [N] o [H]

Given a branch-outputting run of G on an input tree, we look at the sequence of stitched trees built from the sequence of configurations
of G in the run. Looking at the definitions of the transitions of the #-simulating regime, we verify that the successive global steps of H
encoded in the stitched trees are an execution of H on the input tree : every pair of G — H,H — G in the branch-outputting run of G
corresponds to a transition of #, as mentionned in the definition of H — G transitions. Then, the successive N configurations encoded in
the sequence of stitched trees form a branch-outputting run of N’ on [H](¢) with the same output as our branch-outputting run of G. Here,
the G — G transitions correspond to transitions of G.

For the proof of [N] o [H] ¢ [G]. given a branch-outputting run of N on [H](t), we inductively build a branch-outputting run of G
that has the same output. This is possible because at each step, the new configuration of G can be made such that its induced stitched tree
encodes the corresponding configuration of AV in our given run. As a result, the encoded global states of H are only those visited by our
branch-outputting run of NV, and because N is narrow-visit, we build a valid run of G that respects our memory size constraint.
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