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ABSTRACT
The polyregular functions are a class of string-to-string func-
tions that have polynomial size outputs, and which can be
defined using finite state models. There are many equivalent
definitions of this class, with roots in automata theory, pro-
gramming languages and logic. This paper surveys recent
results on polyregular functions. It presents five of the equiv-
alent definitions, and gives self-contained proofs for most
of the equivalences. Decision problems as well as restricted
subclasses of the polyregular functions are also discussed.
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Transducers, i.e. automata that produce outputs beyond “yes”
or “no”, have been around since the beginnings of automata
theory. In fact, the early authors often understood automata
to have string outputs, see e.g. Burks and Wang [10, Defini-
tion 2] or Trakhtenbrot [36, p. 1005]. The language approach
gained ascendance; for example in their famous paper [31,
p. 114], Rabin and Scott advocated moving to the language
approach, writing that they were “doing away with a compli-
cated output function and having our machines simply give
yes or no answers”. However, a few years later, Scott [33, Sec-
tion 5] seems to have returned to the functional perspective,
writing: “The author (along with many other people) has
come recently to the conclusion that the functions computed
by the various machines are more important—or at least
more basic—than the sets accepted by these devices.” This
paper also takes the functional perspective, with automata
computing string-to-string functions, and languages being
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the special case when there are two possible output strings
“yes” and “no”.

The early transducer models were one-way automata
equipped with some simple output mechanism, e.g. each
transition could append a letter to the output string. Al-
though such models are hardly different from automata, the
fact that they are functions – and as such can be composed –
means that certain things can be said about them that can-
not be said about Boolean valued automata. A famous early
example is the Krohn-Rhodes Decomposition Theorem [25,
p. 454], which can be stated as follows: every one-way trans-
ducer is a composition of finitely many prime transducers,
which are either reversible or have two states; see later in
this paper for a full statement.
In later years, transducers have grown in sophistication,

reaching a point where they resemble programming lan-
guages, with constructs such as numerical variables, loops,
recursion or higher-order functions. This means that modern
models of transducers can now be actually useful programs,
as opposed to being idealized and radically simplified models
of useful programs. All of this while retaining the good decid-
ability properties of automata (transducers are not supposed
to be Turing complete, which is framed here as an advan-
tage: the halting problem is decidable) and their attractive
mathematical theory.

In the last two decades, transducer theory has been ener-
gized by the study of a class of string-to-string functions that
was first mentioned already in the bronze age of computer
science: deterministic two-way automata with output (alter-
natively, Turing machines with a read-only input tape and
no work tape) [34, Note 4]. More recent research revealed
that this model has many different equivalent descriptions,
originating in different fields, including: monadic second-
order transductions [17, Section 4], streaming string trans-
ducers [1, Section 3], certain kinds of regular expressions [2,
Section 2], and a calculus of functions based on combina-
tors [8, Theorem 6.1]. Because of its remarkable robustness
and good mathematical theory, Engelfriet and Hoogeboom
proposed to call this class the regular functions, asserting
its status as the string-to-string counterpart of the classical
string-to-Boolean regular languages. From the perspective of
this paper, one might want to use a more specific name, the
regular functions of linear growth, since we describe here an-
other class of string-to-string functions that has polynomial
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growth, and yet seems to be equally robust as the functions
of linear growth1.
The functions described in the previous paragraph have

linear growth. Given the importance of polynomial time, it
is rather mysterious that polynomial functions have been
neglected in the transducer literature. This paper is about
such functions, which are called polyregular. The first appear-
ance of the polyregular functions goes back to Engelfriet and
Maneth [16, 20], who observed that if one restricts the peb-
ble transducer model of Milo et al. [28] from trees to strings,
then the resulting class of string-to-string functions is closed
under composition [16, Theorem 11]. Also, this model has
polynomial output sizes. The polyregular functions were
further studied in [5, 9], where they were shown to have
many alternative descriptions rooted in logic, automata the-
ory, or programming languages. The present paper is meant
to be an introduction to the polyregular functions, based
on [5, 6, 9, 14, 15, 30], with a description of the alternative
models, and proofs or proof sketches for some of the main
results.
We finish this introduction with a polyregular function

and its representation in three of the equivalent models defin-
ing polyregular functions. These three models, and several
others, will be described in more detail later in the paper.

Example 1. Consider the function

f : {a,b}∗ → {a,b}∗,

of quadratic size output, which copies the input string as
many times as it has letters, as in the following example:

abbb 7→ abbbabbbabbbabbb .

Here are three ways of describing the function:
Logic, see Section 5. The output string f (w) can be de-

fined in terms of the input stringw using logic. Here, a
string is viewed as a logical structure, whose universe
consists of the string positions, and which has unary
predicates for the letters and a binary predicate for
order. In the case of our example function f , the posi-
tions of the output string are pairs of positions (x ,y)
in the input string. The label – in the output string –
for such a pair is inherited from the second coordinate
y, while the order on pairs is lexicographic, which can
be described using a formula:

1When talking about about linear or polynomial transducers, the quan-
tity measured is the output size. Transducers are typically declarative for-
malisms, and therefore the “running time” depends on the evaluation strat-
egy, somewhat similar to functional programs. As a rule of thumb, for most
finite-state models evaluation is highly efficient, e.g. after linear prepro-
cessing of the input string, one can have constant time random access to
positions in the output string.

Conference’17, July 2017, Washington, DC, USA Mikołaj Bojańczyk

The functions described in the previous paragraph have
linear growth. Given the importance of polynomial time, it
is rather mysterious that polynomial functions have been
neglected in the transducer literature. This paper is about
such functions, which are called polyregular. The first appear-
ance of the polyregular functions goes back to Engelfriet and
Maneth [16, 20], who observed that if one restricts the peb-
ble transducer model of Milo et al. [28] from trees to strings,
then the resulting class of string-to-string functions is closed
under composition [16, Theorem 11]. Also, this model has
polynomial output sizes. The polyregular functions were
further studied in [5, 9], where they were shown to have
many alternative descriptions rooted in logic, automata the-
ory, or programming languages. The present paper is meant
to be an introduction to the polyregular functions, based
on [5, 6, 9, 14, 15, 30], with a description of the alternative
models, and proofs or proof sketches for some of the main
results.
We finish this introduction with a polyregular function

and its representation in three of the equivalent models defin-
ing polyregular functions. These three models, and several
others, will be described in more detail later in the paper.

Example 1. Consider the function
𝑓 ∶ {𝑎,𝑏}∗ → {𝑎,𝑏}∗,

of quadratic size output, which copies the input string as
many times as it has letters, as in the following example:

𝑎𝑏𝑏𝑏 ↦ 𝑎𝑏𝑏𝑏𝑎𝑏𝑏𝑏𝑎𝑏𝑏𝑏𝑎𝑏𝑏𝑏.

Here are three ways of describing the function:
Logic, see Section 5. The output string 𝑓 (𝑤) can be de-

fined in terms of the input string𝑤 using logic. Here, a
string is viewed as a logical structure, whose universe
consists of the string positions, and which has unary
predicates for the letters and a binary predicate for
order. In the case of our example function 𝑓 , the posi-
tions of the output string are pairs of positions (𝑥,𝑦)
in the input string. The label – in the output string –
for such a pair is inherited from the second coordinate
𝑦, while the order on pairs is lexicographic, which can
be described using a formula:

𝜑(𝑥1,𝑦1, 𝑥2,𝑦2) def= 𝑥1 < 𝑥2 ∨ (𝑥1 = 𝑥2 ∧𝑦1 ≤ 𝑦2))︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
this formula says when a pair of positions (𝑥1, 𝑦1)
is before a pair (𝑥2, 𝑦2) in lexicographic order

.

In this particular example, the formulas defining the
labels and ordering are quantifier free, but in general
we will allow monadic second-order logic mso.

Imperative programs, see Section 1. The function 𝑓
is computed by the following program:

finite-state models evaluation is highly efficient, e.g. after linear prepro-
cessing of the input string, one can have constant time random access to
positions in the output string.

for x in first..last

for y in first..last

if 𝑎(𝑦) then output a else output b

This program is an example of a for-transducer, which
is an imperative program that can loop over positions
in the input string, and ask for their labels, but which
is not allowed to do any non-trivial arithmetic on loop
positions, such as asking if 𝑥 = 2𝑦. In this sense, a for-
transducer is similar to a formula of first-order logic,
except that, unlike quantifiers in a formula, the for
loops have an order of execution that is used to define
the output string.

Functional programs, see Section 4. Yet anotherway
to compute the function 𝑓 is the following Haskell pro-
gram:

\w -> concat)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
operation that inputs a string of strings

and concatenates them into a single string

string of strings that is obtained
from w by replacing each letter with w(︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂[︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂(︂

(map (\x-> w) w)

The appropriate fragment of Haskell has higher-order
functions, and some basic string manipulating func-
tions, such as map or concat, but beyond these primi-
tives it has no recursion.◻

Here is the plan for the rest of the paper:
Sections 1–5 We describe five equivalent models that

describe the class of polyregular functions.
Section 6 We discuss the growth rate of polyregular

functions, including the special case of polyregular
functions of linear growth, which turn out to be exactly
the usual regular functions of Engelfriet and Hooge-
boom.

Section 6 We discuss subclasses of the polyregular func-
tions, including a variant that uses first-order logic
instead of mso, as well as variants that are defined by
constraining the pebbles in a pebble transducer.

Section 8 We discuss the equivalence problem, i.e. the
decision problem of determining if two devices define
the same string-to-string function. Decidability of this
problem is open for polyregular functions.
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1 For-transducers
We begin our discussion of polyregular functions with for-
transducers, a model that was introduced in [5, Section 3].
Roughly speaking, a for-transducer is an imperative program,

In this particular example, the formulas defining the
labels and ordering are quantifier free, but in general
we will allow monadic second-order logic mso.

Imperative programs, see Section 1. The function f
is computed by the following program:

for x in first..last

for y in first..last

if a(y) then output a else output b

This program is an example of a for-transducer, which
is an imperative program that can loop over positions
in the input string, and ask for their labels, but which
is not allowed to do any non-trivial arithmetic on loop
positions, such as asking if x = 2y. In this sense, a for-
transducer is similar to a formula of first-order logic,
except that, unlike quantifiers in a formula, the for
loops have an order of execution that is used to define
the output string.

Functional programs, see Section 4. Yet another way
to compute the function f is the following Haskell
program:
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is computed by the following program:
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positions in the output string.
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for y in first..last
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This program is an example of a for-transducer, which
is an imperative program that can loop over positions
in the input string, and ask for their labels, but which
is not allowed to do any non-trivial arithmetic on loop
positions, such as asking if 𝑥 = 2𝑦. In this sense, a for-
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except that, unlike quantifiers in a formula, the for
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from w by replacing each letter with w(︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂[︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂(︂

(map (\x-> w) w)

The appropriate fragment of Haskell has higher-order
functions, and some basic string manipulating func-
tions, such as map or concat, but beyond these primi-
tives it has no recursion.◻

Here is the plan for the rest of the paper:
Sections 1–5 We describe five equivalent models that

describe the class of polyregular functions.
Section 6 We discuss the growth rate of polyregular

functions, including the special case of polyregular
functions of linear growth, which turn out to be exactly
the usual regular functions of Engelfriet and Hooge-
boom.

Section 6 We discuss subclasses of the polyregular func-
tions, including a variant that uses first-order logic
instead of mso, as well as variants that are defined by
constraining the pebbles in a pebble transducer.

Section 8 We discuss the equivalence problem, i.e. the
decision problem of determining if two devices define
the same string-to-string function. Decidability of this
problem is open for polyregular functions.
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the same string-to-string function. Decidability of this
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1 FOR-TRANSDUCERS
We begin our discussion of polyregular functions with for-
transducers, a model that was introduced in [5, Section 3].
Roughly speaking, a for-transducer is an imperative program,
which uses for loops to range over positions in the input
string. We already saw one example of a for-transducer in
Example 1. That example used first-to-last for loops, but
a for-transducer can also use last-to-first loops, as in the
following example.

Example 2. The last-to-first order can be used to reverse
the input string, as in the following program:
for x in last..first

if a(x) then output a else output b

□

The two remaining features of for-transducers that have
not been discussed yet are Boolean variables and equality
tests on positions.

Example 3. Let us consider a slightly extended version of
the squaring function from Example 1. This function inputs
a string over alphabet {a,b}, and produces, for each prefix,
a copy of the input string with that prefix underlined, and
the copies are separated by |, as in the following example:

abaab 7→ |abaab |abaab |abaab |abaab |abaab |

This function is implemented by the following program,
which has two nested loops and uses a Boolean variable
prefix.
output |

for x in first..last

prefix := true

for y in first..last

if prefix then

if a(y) then output a else output b

else

if a(y) then output a else output b

if x = y then prefix := false

output |

The variant of squaring that is used in this example will
turn out to be fundamental for the polyregular functions, see
Theorem 3.2, and therefore we will call it squaring from now
on. □

More formally, a for-transducer is constructed as follows.
There are two kinds of variables: position variables that range
over positions in the input string, and Boolean variables that
range over {true, false}. There are two kinds of loops

for x in first..last for x in last..first

Such a loop creates a position variable x, which ranges over
positions of the input string in one of the two specified orders.
The atomic statements are
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which uses for loops to range over positions in the input
string. We already saw one example of a for-transducer in
Example 1. That example used first-to-last for loops, but
a for-transducer can also use last-to-first loops, as in the
following example.

Example 2. The last-to-first order can be used to reverse
the input string, as in the following program:

for x in last..first

if a(x) then output a else output b
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The two remaining features of for-transducers that have

not been discussed yet are Boolean variables and equality
tests on positions.

Example 3. Let us consider a slightly extended version of
the squaring function from Example 1. This function inputs
a string over alphabet {𝑎,𝑏}, and produces, for each prefix,
a copy of the input string with that prefix underlined, and
the copies are separated by ⋃︀, as in the following example:

𝑎𝑏𝑎𝑎𝑏 ↦ ⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀
This function is implemented by the following program,
which has two nested loops and uses a Boolean variable
prefix.

output |

for x in first..last

prefix := true

for y in first..last

if prefix then

if a(y) then output a else output b

else

if a(y) then output a else output b

if x = y then prefix := false

output |

The variant of squaring that is used in this example will
turn out to be fundamental for the polyregular functions, see
Theorem 3.2, and therefore we will call it squaring from now
on. ◻

More formally, a for-transducer is constructed as follows.
There are two kinds of variables: position variables that range
over positions in the input string, and Boolean variables that
range over {true, false}. There are two kinds of loops

for x in first..last for x in last..first

Such a loop creates a position variable x, which ranges over
positions of the input string in one of the two specified orders.
The atomic statements are

output a)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
append a letter

to the output string

X ∶= true X ∶= false)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
assign a value to a Boolean variable

.

It is important that there are no assignments to position
variables, i.e. the position variables are read-only. A sequen-
tial composition I;J of two for-transducers is also a for-
transducer, and there is a conditional if, where the condition
is a Boolean combination of tests of the following kinds:

X⟩︀
value of a

Boolean variable

x = y⧸︀
equality on
positions

a(x)⧸︀
label of
position

The equality and label tests refer to the input string, because
this is where the position variables live. We will not write
variable declarations in the programs, with the types being
implicit: the variables bound by the for loops are position
variables, and the remaining ones are Booleans. The Booleans
are initialized to false.

This completes the syntax of for-transducers. The seman-
tics of a for-transducer is a string-to-string function which
is defined in the expected way. The output size of a for-
transducer is polynomial – if it has at most 𝑘 nested loops,
then the output size will be 𝒪(𝑛𝑘). This bound is not tight:
we will show in Section 6 that there are for-transducers of
quadratic output size that need three (or more) nested loops.

Example 4. An order test 𝑥 ≤ 𝑦 can be implemented by
running a for loop of first-to-last kind, and checking which
of the variables 𝑥 or 𝑦 is seen first in the loop, with the
result remembered in a Boolean variable. Similarly, we can
implement a successor test 𝑥 = 𝑦 + 1. As we will see later,
we can implement any test 𝜑(𝑥1, . . . , 𝑥𝑛) that can be defined
using a formula of monadic second-order logic. ◻
1.1 Regularity and closure under composition
We prove two fundamental results about for-transducers: (a)
in the string-to-Boolean case they coincide with the regular
languages; and (b) they are closed under compositions. Both
of these results were originally proved for a model with
pebbles that will be described in the next section, but the
proofs using for-transducers, as presented below, are a bit
simpler.

String-to-Boolean. The main purpose of for-transducers
is to define string-to-string functions, but a for-transducer
can also be used to define a string-to-Boolean function (i.e. a
language). This is done by eliminating the output instruc-
tions, and having a designated Boolean variable whose value
at the end of execution is used as the output. As shown in
the following theorem, in the string-to-Boolean case, we get
exactly the regular languages, which underscores the idea
that for-transducers are an extension of finite automata.

Theorem 1.1. The string-to-Boolean functions computed by
for-transducers are exactly the regular languages.

Proof
Clearly, every regular language is recognized by a string-to-
Boolean for-transducer. This is because a for-transducer can

It is important that there are no assignments to position
variables, i.e. the position variables are read-only. A sequen-
tial composition I;J of two for-transducers is also a for-
transducer, and there is a conditional if, where the condition
is a Boolean combination of tests of the following kinds:
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else
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The variant of squaring that is used in this example will
turn out to be fundamental for the polyregular functions, see
Theorem 3.2, and therefore we will call it squaring from now
on. ◻

More formally, a for-transducer is constructed as follows.
There are two kinds of variables: position variables that range
over positions in the input string, and Boolean variables that
range over {true, false}. There are two kinds of loops

for x in first..last for x in last..first

Such a loop creates a position variable x, which ranges over
positions of the input string in one of the two specified orders.
The atomic statements are

output a)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
append a letter

to the output string
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assign a value to a Boolean variable

.

It is important that there are no assignments to position
variables, i.e. the position variables are read-only. A sequen-
tial composition I;J of two for-transducers is also a for-
transducer, and there is a conditional if, where the condition
is a Boolean combination of tests of the following kinds:

X⟩︀
value of a

Boolean variable

x = y⧸︀
equality on
positions

a(x)⧸︀
label of
position

The equality and label tests refer to the input string, because
this is where the position variables live. We will not write
variable declarations in the programs, with the types being
implicit: the variables bound by the for loops are position
variables, and the remaining ones are Booleans. The Booleans
are initialized to false.

This completes the syntax of for-transducers. The seman-
tics of a for-transducer is a string-to-string function which
is defined in the expected way. The output size of a for-
transducer is polynomial – if it has at most 𝑘 nested loops,
then the output size will be 𝒪(𝑛𝑘). This bound is not tight:
we will show in Section 6 that there are for-transducers of
quadratic output size that need three (or more) nested loops.

Example 4. An order test 𝑥 ≤ 𝑦 can be implemented by
running a for loop of first-to-last kind, and checking which
of the variables 𝑥 or 𝑦 is seen first in the loop, with the
result remembered in a Boolean variable. Similarly, we can
implement a successor test 𝑥 = 𝑦 + 1. As we will see later,
we can implement any test 𝜑(𝑥1, . . . , 𝑥𝑛) that can be defined
using a formula of monadic second-order logic. ◻
1.1 Regularity and closure under composition
We prove two fundamental results about for-transducers: (a)
in the string-to-Boolean case they coincide with the regular
languages; and (b) they are closed under compositions. Both
of these results were originally proved for a model with
pebbles that will be described in the next section, but the
proofs using for-transducers, as presented below, are a bit
simpler.

String-to-Boolean. The main purpose of for-transducers
is to define string-to-string functions, but a for-transducer
can also be used to define a string-to-Boolean function (i.e. a
language). This is done by eliminating the output instruc-
tions, and having a designated Boolean variable whose value
at the end of execution is used as the output. As shown in
the following theorem, in the string-to-Boolean case, we get
exactly the regular languages, which underscores the idea
that for-transducers are an extension of finite automata.

Theorem 1.1. The string-to-Boolean functions computed by
for-transducers are exactly the regular languages.

Proof
Clearly, every regular language is recognized by a string-to-
Boolean for-transducer. This is because a for-transducer can

The equality and label tests refer to the input string, because
this is where the position variables live. We will not write
variable declarations in the programs, with the types being
implicit: the variables bound by the for loops are position
variables, and the remaining ones are Booleans. The Booleans
are initialized to false.

This completes the syntax of for-transducers. The seman-
tics of a for-transducer is a string-to-string function which
is defined in the expected way. The output size of a for-
transducer is polynomial – if it has at most k nested loops,
then the output size will be O(nk ). This bound is not tight:
we will show in Section 6 that there are for-transducers of
quadratic output size that need three (or more) nested loops.

Example 4. An order test x ≤ y can be implemented by
running a for loop of first-to-last kind, and checking which
of the variables x or y is seen first in the loop, with the
result remembered in a Boolean variable. Similarly, we can
implement a successor test x = y + 1. As we will see later,
we can implement any test φ(x1, . . . ,xn) that can be defined
using a formula of monadic second-order logic. □

1.1 Regularity and closure under
composition

We prove two fundamental results about for-transducers: (a)
in the string-to-Boolean case they coincide with the regular
languages; and (b) they are closed under compositions. Both
of these results were originally proved for a model with
pebbles that will be described in the next section, but the



LICS ’22, August 2–5, 2022, Haifa, Israel Mikołaj Bojańczyk

proofs using for-transducers, as presented below, are a bit
simpler.

String-to-Boolean. The main purpose of for-transducers
is to define string-to-string functions, but a for-transducer
can also be used to define a string-to-Boolean function (i.e. a
language). This is done by eliminating the output instruc-
tions, and having a designated Boolean variable whose value
at the end of execution is used as the output. As shown in
the following theorem, in the string-to-Boolean case, we get
exactly the regular languages, which underscores the idea
that for-transducers are an extension of finite automata.
Theorem 1.1. The string-to-Boolean functions computed

by for-transducers are exactly the regular languages.

Proof
Clearly, every regular language is recognized by a string-to-
Boolean for-transducer. This is because a for-transducer can
simulate the run of a dfa, by storing the state in the Boolean
variables, and using a single first-to-last for loop to process
the movement of the one-way head in the dfa.
Consider the converse inclusion in the theorem, which

says that every string-to-Boolean for-transducer computes
a regular language. The proof uses a simplified version of
an argument from [21, Theorem 3.2] about pebble automata.
In the proof of this theorem, and also later on, it will be
convenient to use a normal form, as explained in the follow-
ing lemma. (The lemma works for both string-to-string and
string-to-Boolean for-transducers.)

Lemma 1.2. For every for-transducer there is an equivalent
one in the following form (called prenex normal form):

for x1 in τ1 ∈ {first-to-last, last-to-first}
for x2 in τ2 ∈ {first-to-last, last-to-first}
...

for xk in τk ∈ {first-to-last, last-to-first}
body

epilogue

where the subprograms body and epilogue do not use any
for loops. Also, body produces at most one output letter in each
loop iteration.

Proof
The same kind of argument as when converting first-order
formulas to prenex normal form. The epilogue is only needed
for inputs of length at most one. For inputs with at least two
letters; we can simulate sequential composition I;J using a
for loop, with the first loop iteration running I, the second
loop iteration running J, and the remaining iterations unused.
To remember if we are in the first or second loop iteration,
we use Boolean variables. □

Thanks to the lemma, it remains to show that if a string-
to-Boolean for-transducer is in prenex normal form, then

the corresponding language is regular. Suppose that the for-
transducer has k nested for loops. Let Q be the finite set of
valuations of the Boolean variables, i.e. all functions from
Boolean variables to Booleans. Consider an input stringw to-
gether with ℓ ∈ {0, . . . ,k} distinguished positions x1, . . . ,xℓ .
The corresponding Boolean variable update is defined to be
the following function of type Q → Q :

• Input. A valuation of the Boolean variables;
• Output.The valuation of Boolean variables that would
arise after running the k − ℓ innermost for loops in the
for-transducer, assuming that the Boolean variables
are initialized to the input valuation, and the position
variables of the ℓ outermost for loops are initialized to
distinguished positions.

We will prove in Lemma 1.3 below that the Boolean vari-
able updates can be described using a regular languages. In
the lemma, we talk about regularity for strings with distin-
guished positions, as in the following example:
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simulate the run of a dfa, by storing the state in the Boolean
variables, and using a single first-to-last for loop to process
the movement of the one-way head in the dfa.
Consider the converse inclusion in the theorem, which

says that every string-to-Boolean for-transducer computes
a regular language. The proof uses a simplified version of
an argument from [21, Theorem 3.2] about pebble automata.
In the proof of this theorem, and also later on, it will be
convenient to use a normal form, as explained in the follow-
ing lemma. (The lemma works for both string-to-string and
string-to-Boolean for-transducers.)

Lemma 1.2. For every for-transducer there is an equivalent
one in the following form (called prenex normal form):

for 𝑥1 in 𝜏1 ∈ {first-to-last, last-to-first}
for 𝑥2 in 𝜏2 ∈ {first-to-last, last-to-first}
...

for 𝑥𝑘 in 𝜏𝑘 ∈ {first-to-last, last-to-first}
body

epilogue

where the subprograms body and epilogue do not use any
for loops. Also, body produces at most one output letter in each
loop iteration.

Proof
The same kind of argument as when converting first-order
formulas to prenex normal form. The epilogue is only needed
for inputs of length at most one. For inputs with at least two
letters; we can simulate sequential composition I;J using a
for loop, with the first loop iteration running I, the second
loop iteration running J, and the remaining iterations unused.
To remember if we are in the first or second loop iteration,
we use Boolean variables. ◻

Thanks to the lemma, it remains to show that if a string-
to-Boolean for-transducer is in prenex normal form, then
the corresponding language is regular. Suppose that the for-
transducer has 𝑘 nested for loops. Let 𝑄 be the finite set of
valuations of the Boolean variables, i.e. all functions from
Boolean variables to Booleans. Consider an input string𝑤
together with ℓ ∈ {0, . . . , 𝑘} distinguished positions 𝑥1, . . . , 𝑥ℓ .
The corresponding Boolean variable update is defined to be
the following function of type 𝑄 → 𝑄 :● Input. A valuation of the Boolean variables;● Output.The valuation of Boolean variables that would

arise after running the 𝑘 − ℓ innermost for loops in the
for-transducer, assuming that the Boolean variables
are initialized to the input valuation, and the position
variables of the ℓ outermost for loops are initialized to
distinguished positions.

We will prove in Lemma 1.3 below that the Boolean vari-
able updates can be described using a regular languages. In
the lemma, we talk about regularity for strings with distin-
guished positions, as in the following example:

a1 a4 a7a2
x1 x2
x3

a5 a8a3 a6 a9

distinguished position

To talk about regularity for strings with (a fixed number of)
distinguished positions, we represent them as strings with-
out distinguished positions, and then appeal to the usual
notion of regularity. A string with ℓ distinguished positions
is represented as a string without distinguished positions
over an alphabet consisting of 2ℓ copies of the original alpha-
bet, with each copy indicating which of the distinguished
positions are on the current position.

Lemma 1.3. For every ℓ ∈ {0, . . . , 𝑘} and Boolean variable
update [ ∶ 𝑄 → 𝑄 , the following language of strings with
distinguished positions is regular

{𝑤,𝑥1, . . . , 𝑥ℓ ⋃︀𝑤,𝑥1, . . . , 𝑥ℓ has Boolean variable update [}.
Proof
Induction on 𝑘 − ℓ . The induction basis of ℓ = 𝑘 is straight-
forward, since the Boolean variable update is obtained by
running a for-transducer without any loops. Consider now
the induction step, where the claim is assumed to be true for
ℓ + 1 and we want to prove it for ℓ . For a string𝑤 with dis-
tinguished positions 𝑥1, . . . , 𝑥ℓ , its Boolean variable update
is obtained as follows. For every choice of the distinguished
position 𝑥ℓ+1, we get a corresponding variable update, with
one update for each position in the input string. Here is a
picture:

a1
η1

a4
η4

a7
η7

a2
η2

x1 x2
x3

a5
η5

a8
η8

a3
η3

a6
η6

a9
η9

η5 represents the variable update when x4 is set to position 5

The automaton guesses these updates nondeterministically,
and then: (a) checks, using the induction assumption, that
they were guessed correctly; and (b) computes the compo-
sition of the updates, in first-to-last or last-to-first order,
depending on the kind of loop that binds variable 𝑥ℓ+1. The
check in item (a) requires applying a subset construction
to the automaton from the induction assumption, since we
need to run this automaton in parallel for all possible choices
of distinguished position. ◻
To complete the proof of Theorem 1.1, apply the above

lemma for ℓ = 0, yielding for every Boolean variable update
a corresponding regular language of strings without distin-
guished positions. The language in the conclusion of the
theorem is obtained by taking the union of these regular
languages, corresponding to those Boolean variable updates
which map the all-false valuation (which is how the Boolean

To talk about regularity for strings with (a fixed number of)
distinguished positions, we represent them as strings with-
out distinguished positions, and then appeal to the usual
notion of regularity. A string with ℓ distinguished positions
is represented as a string without distinguished positions
over an alphabet consisting of 2ℓ copies of the original alpha-
bet, with each copy indicating which of the distinguished
positions are on the current position.

Lemma 1.3. For every ℓ ∈ {0, . . . ,k} and Boolean variable
update η : Q → Q , the following language of strings with
distinguished positions is regular

{w,x1, . . . ,xℓ | w,x1, . . . ,xℓ has Boolean variable update η}.

Proof
Induction on k − ℓ. The induction basis of ℓ = k is straight-
forward, since the Boolean variable update is obtained by
running a for-transducer without any loops. Consider now
the induction step, where the claim is assumed to be true for
ℓ + 1 and we want to prove it for ℓ. For a stringw with dis-
tinguished positions x1, . . . ,xℓ , its Boolean variable update
is obtained as follows. For every choice of the distinguished
position xℓ+1, we get a corresponding variable update, with
one update for each position in the input string. Here is a
picture:
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simulate the run of a dfa, by storing the state in the Boolean
variables, and using a single first-to-last for loop to process
the movement of the one-way head in the dfa.
Consider the converse inclusion in the theorem, which

says that every string-to-Boolean for-transducer computes
a regular language. The proof uses a simplified version of
an argument from [21, Theorem 3.2] about pebble automata.
In the proof of this theorem, and also later on, it will be
convenient to use a normal form, as explained in the follow-
ing lemma. (The lemma works for both string-to-string and
string-to-Boolean for-transducers.)

Lemma 1.2. For every for-transducer there is an equivalent
one in the following form (called prenex normal form):

for 𝑥1 in 𝜏1 ∈ {first-to-last, last-to-first}
for 𝑥2 in 𝜏2 ∈ {first-to-last, last-to-first}
...

for 𝑥𝑘 in 𝜏𝑘 ∈ {first-to-last, last-to-first}
body

epilogue

where the subprograms body and epilogue do not use any
for loops. Also, body produces at most one output letter in each
loop iteration.

Proof
The same kind of argument as when converting first-order
formulas to prenex normal form. The epilogue is only needed
for inputs of length at most one. For inputs with at least two
letters; we can simulate sequential composition I;J using a
for loop, with the first loop iteration running I, the second
loop iteration running J, and the remaining iterations unused.
To remember if we are in the first or second loop iteration,
we use Boolean variables. ◻

Thanks to the lemma, it remains to show that if a string-
to-Boolean for-transducer is in prenex normal form, then
the corresponding language is regular. Suppose that the for-
transducer has 𝑘 nested for loops. Let 𝑄 be the finite set of
valuations of the Boolean variables, i.e. all functions from
Boolean variables to Booleans. Consider an input string𝑤
together with ℓ ∈ {0, . . . , 𝑘} distinguished positions 𝑥1, . . . , 𝑥ℓ .
The corresponding Boolean variable update is defined to be
the following function of type 𝑄 → 𝑄 :● Input. A valuation of the Boolean variables;● Output.The valuation of Boolean variables that would

arise after running the 𝑘 − ℓ innermost for loops in the
for-transducer, assuming that the Boolean variables
are initialized to the input valuation, and the position
variables of the ℓ outermost for loops are initialized to
distinguished positions.

We will prove in Lemma 1.3 below that the Boolean vari-
able updates can be described using a regular languages. In
the lemma, we talk about regularity for strings with distin-
guished positions, as in the following example:

a1 a4 a7a2
x1 x2
x3

a5 a8a3 a6 a9

distinguished position

To talk about regularity for strings with (a fixed number of)
distinguished positions, we represent them as strings with-
out distinguished positions, and then appeal to the usual
notion of regularity. A string with ℓ distinguished positions
is represented as a string without distinguished positions
over an alphabet consisting of 2ℓ copies of the original alpha-
bet, with each copy indicating which of the distinguished
positions are on the current position.

Lemma 1.3. For every ℓ ∈ {0, . . . , 𝑘} and Boolean variable
update [ ∶ 𝑄 → 𝑄 , the following language of strings with
distinguished positions is regular

{𝑤,𝑥1, . . . , 𝑥ℓ ⋃︀𝑤,𝑥1, . . . , 𝑥ℓ has Boolean variable update [}.
Proof
Induction on 𝑘 − ℓ . The induction basis of ℓ = 𝑘 is straight-
forward, since the Boolean variable update is obtained by
running a for-transducer without any loops. Consider now
the induction step, where the claim is assumed to be true for
ℓ + 1 and we want to prove it for ℓ . For a string𝑤 with dis-
tinguished positions 𝑥1, . . . , 𝑥ℓ , its Boolean variable update
is obtained as follows. For every choice of the distinguished
position 𝑥ℓ+1, we get a corresponding variable update, with
one update for each position in the input string. Here is a
picture:

a1
η1

a4
η4

a7
η7

a2
η2

x1 x2
x3

a5
η5

a8
η8

a3
η3

a6
η6

a9
η9

η5 represents the variable update when x4 is set to position 5

The automaton guesses these updates nondeterministically,
and then: (a) checks, using the induction assumption, that
they were guessed correctly; and (b) computes the compo-
sition of the updates, in first-to-last or last-to-first order,
depending on the kind of loop that binds variable 𝑥ℓ+1. The
check in item (a) requires applying a subset construction
to the automaton from the induction assumption, since we
need to run this automaton in parallel for all possible choices
of distinguished position. ◻
To complete the proof of Theorem 1.1, apply the above

lemma for ℓ = 0, yielding for every Boolean variable update
a corresponding regular language of strings without distin-
guished positions. The language in the conclusion of the
theorem is obtained by taking the union of these regular
languages, corresponding to those Boolean variable updates
which map the all-false valuation (which is how the Boolean

The automaton guesses these updates nondeterministically,
and then: (a) checks, using the induction assumption, that
they were guessed correctly; and (b) computes the compo-
sition of the updates, in first-to-last or last-to-first order,
depending on the kind of loop that binds variable xℓ+1. The
check in item (a) requires applying a subset construction
to the automaton from the induction assumption, since we
need to run this automaton in parallel for all possible choices
of distinguished position. □
To complete the proof of Theorem 1.1, apply the above

lemma for ℓ = 0, yielding for every Boolean variable up-
date a corresponding regular language of strings without
distinguished positions. The language in the conclusion of
the theorem is obtained by taking the union of these regular
languages, corresponding to those Boolean variable updates
which map the all-false valuation (which is how the Boolean
variables are initialized) to a valuation that has true on the
designated output variable. □

Example 5. In this example, we show how string-to-Boolean
for-transducers can easily simulate first-order logic. First-
order logic can be used to define properties of strings, as
illustrated in the following example, which gives a formula
that defines the language {a,b}∗a:

∀x ∃y y ≥ x ∧ a(y)︸                  ︷︷                  ︸
for every position x , there is a later position y with label a

.

It is easy to see that for every first-order formula, there is
an equivalent string-to-Boolean for-transducer, which simu-
lates quantifiers using loops. This construction is simple and
direct, in particular the code of the for-transducer is linear
in the size of the formula. A corollary is that the complex-
ity of the construction in Theorem 1.1 is non-elementary
(i.e. higher than any tower of exponentials of fixed height),
if we want the regular language to be represented by an
automaton. This is because the translation from first-order
logic to automata is non-elementary [27, p. 150 (i)]. Here is
a summary:
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variables are initialized) to a valuation that has true on the
designated output variable. ◻
Example 5. In this example, we show how string-to-Boolean
for-transducers can easily simulate first-order logic. First-
order logic can be used to define properties of strings, as
illustrated in the following example, which gives a formula
that defines the language {𝑎,𝑏}∗𝑎:

∀𝑥 ∃𝑦 𝑦 ≥ 𝑥 ∧ 𝑎(𝑦))︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
for every position 𝑥 , there is a later position 𝑦 with label 𝑎

.

It is easy to see that for every first-order formula, there is
an equivalent string-to-Boolean for-transducer, which simu-
lates quantifiers using loops. This construction is simple and
direct, in particular the code of the for-transducer is linear
in the size of the formula. A corollary is that the complex-
ity of the construction in Theorem 1.1 is non-elementary
(i.e. higher than any tower of exponentials of fixed height),
if we want the regular language to be represented by an
automaton. This is because the translation from first-order
logic to automata is non-elementary [27, p. 150 (i)]. Here is
a summary:

string-to-Boolean
for-transducer automaton

first-order
formula

non-elementary

linear non-elementary

We can also convert a formula of monadic second-order
logic, see Section 5, into a for-transducer, by passing through
automata, but this incurs a non-elementary blowup (which
seems to be necessary). ◻
Composition. We now show that string-to-string func-

tions computed by for-transducers are closed under com-
position. This result is a variant of composition closure for
pebble transducers [16, Corollary 7]. The construction is
rather straightforward, in contrast to more involved con-
structions that are needed to compose linear size devices such
as two-way transducers [11, Theorem 2] or streaming string
transducers [7, Section 13.2]. The reason for the straight-
forward construction is that for-transducers can freely call
sub-procedures that execute nested loops.

Theorem 1.4. String-to-string functions computed by for-
transducers are closed under composition.

Proof
The construction is easiest to see if we assume that both
composed for-transducers are in the prenex normal form
Lemma 1.2, as follows:

First for-transducer

for 𝑥1 in 𝜏1 ∈ {first-to-last, last-to-first}
for 𝑥2 in 𝜏2 ∈ {first-to-last, last-to-first}
...

for 𝑥𝑘 in 𝜏𝑘 ∈ {first-to-last, last-to-first}
body1(𝑥1, . . . , 𝑥𝑘)

epilogue1

Second for-transducer
for 𝑦1 in 𝜎1 ∈ {first-to-last, last-to-first}
for 𝑦2 in 𝜎2 ∈ {first-to-last, last-to-first}
...

for 𝑦ℓ in 𝜎ℓ ∈ {first-to-last, last-to-first}
body2(𝑦1, . . . ,𝑦ℓ)

epilogue2

To simplify the notation, we assume below that there is no
epilogue in the first for-transducer, i.e. epilogue1 is empty;
dealing with this epilogue is a simple exercise.
Our goal is to write a for-transducer for the composed

function, in which the second for-transducer is executed on
the output of the first for-transducer. In this composition,
the variables 𝑦1, . . . ,𝑦ℓ of the second for-transducer range
over outputs of the first one, which are in one-to-one cor-
respondence with tuples (𝑥1, . . . , 𝑥𝑘) where the body of the
first transducer produces an output letter. Therefore, each
loop in the second transducer can be replaced by 𝑘 loops,
giving a for-transducer with ℓ ×𝑘 variables which looks like
this (when multiplying kinds of loops, we assume that first-
to-last is represented by the number 1 and last-to-first is
represented by the number −1):

Composed for-transducer
for 𝑧11 in 𝜎1 ⋅ 𝜏1
for 𝑧12 in 𝜎1 ⋅ 𝜏2
...

for 𝑧1𝑘 in 𝜎1 ⋅ 𝜏𝑘
for 𝑧21 in 𝜎2 ⋅ 𝜏1
for 𝑧22 in 𝜎2 ⋅ 𝜏2
...

for 𝑧ℓ𝑘 in 𝜎ℓ ⋅ 𝜏𝑘
body(𝑧11, . . . , 𝑧ℓ𝑘)

epilogue2

The idea is that the new body is obtained from the body of
the second for-transducer, by viewing each position variable
𝑦𝑖 as a tuple (𝑧𝑖1, . . . , 𝑧𝑖𝑘). The details of the construction
are left to the reader. One of these details is that we only
care about iterations where all of the variables 𝑦1, . . . ,𝑦ℓ are
defined, which means that for every 𝑖 ∈ {1, . . . , ℓ}, the body
of the first for-transducer produces an output letter in the
iteration corresponding to the valuation (𝑧𝑖1, . . . , 𝑧𝑖𝑘). ◻

We end our discussion of for-transducers with the follow-
ing corollary of Theorems 1.1 and 1.4, which shows that a
variant of the halting problem is decidable in the case of
for-transducers.

We can also convert a formula of monadic second-order
logic, see Section 5, into a for-transducer, by passing through
automata, but this incurs a non-elementary blowup (which
seems to be necessary). □

Composition. We now show that string-to-string func-
tions computed by for-transducers are closed under com-
position. This result is a variant of composition closure for
pebble transducers [16, Corollary 7]. The construction is
rather straightforward, in contrast to more involved con-
structions that are needed to compose linear size devices such
as two-way transducers [11, Theorem 2] or streaming string
transducers [7, Section 13.2]. The reason for the straight-
forward construction is that for-transducers can freely call
sub-procedures that execute nested loops.

Theorem 1.4. String-to-string functions computed by for-
transducers are closed under composition.

Proof
The construction is easiest to see if we assume that both
composed for-transducers are in the prenex normal form
Lemma 1.2, as follows:

First for-transducer

for x1 in τ1 ∈ {first-to-last, last-to-first}
for x2 in τ2 ∈ {first-to-last, last-to-first}
...

for xk in τk ∈ {first-to-last, last-to-first}
body1(x1, . . . ,xk )

epilogue1

Second for-transducer

for y1 in σ1 ∈ {first-to-last, last-to-first}
for y2 in σ2 ∈ {first-to-last, last-to-first}
...

for yℓ in σℓ ∈ {first-to-last, last-to-first}
body2(y1, . . . ,yℓ)

epilogue2

To simplify the notation, we assume below that there is no
epilogue in the first for-transducer, i.e. epilogue1 is empty;
dealing with this epilogue is a simple exercise.
Our goal is to write a for-transducer for the composed

function, in which the second for-transducer is executed on
the output of the first for-transducer. In this composition,
the variables y1, . . . ,yℓ of the second for-transducer range
over outputs of the first one, which are in one-to-one cor-
respondence with tuples (x1, . . . ,xk ) where the body of the
first transducer produces an output letter. Therefore, each
loop in the second transducer can be replaced by k loops,
giving a for-transducer with ℓ × k variables which looks
like this (when multiplying kinds of loops, we assume that
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first-to-last is represented by the number 1 and last-to-first
is represented by the number −1):

Composed for-transducer
for z11 in σ1 · τ1
for z12 in σ1 · τ2
...

for z1k in σ1 · τk
for z21 in σ2 · τ1
for z22 in σ2 · τ2
...

for zℓk in σℓ · τk
body(z11, . . . , zℓk )

epilogue2

The idea is that the new body is obtained from the body of
the second for-transducer, by viewing each position variable
yi as a tuple (zi1, . . . , zik ). The details of the construction
are left to the reader. One of these details is that we only
care about iterations where all of the variables y1, . . . ,yℓ are
defined, which means that for every i ∈ {1, . . . , ℓ}, the body
of the first for-transducer produces an output letter in the
iteration corresponding to the valuation (zi1, . . . , zik ). □

We end our discussion of for-transducers with the follow-
ing corollary of Theorems 1.1 and 1.4, which shows that a
variant of the halting problem is decidable in the case of
for-transducers.

Corollary 1.5. Given a for-transducer and a regular prop-
erty of output strings, one can decide if all outputs of the for-
transducer satisfy the regular property.

Proof
We are given a for-transducer f and a regular property L
and we want to know if the composition described by the
diagonal arrow in the following picture gives only “yes” out-
puts:
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Corollary 1.5. Given a for-transducer and a regular prop-
erty of output strings, one can decide if all outputs of the for-
transducer satisfy the regular property.

Proof
We are given a for-transducer 𝑓 and a regular property 𝐿
and we want to know if the composition described by the
diagonal arrow in the following picture gives only “yes” out-
puts:

Σ∗ Γ∗

{yes, no}

for-transducer
𝑓

𝑓 ;𝐿
regular language𝐿

By Theorem 1.1, the regular language is a string-to-Boolean
for-transducer. By Theorem 1.4, the diagonal arrow 𝑓 ;𝐿 is
a for-transducer as a composition of two for-transducers.
By Theorem 1.1 again, the diagonal arrow is a regular lan-
guage. Since all constructions are effective, we can decide the
problem by testing the regular language 𝑓 ;𝐿 for universality.◻

By the remarks in Example 5, the computational complex-
ity of the problem in the above corollary is non-elementary.

2 Pebble transducers
We now describe the second model for polyregular func-
tions, which is called pebble transducers. Historically, this
is the original model: pebble transducers were introduced
by Milo et al. in [28, Section 3.1], as a transducer variant of
pebble automata with “yes” and “no” outputs that were intro-
duced by Globerman and Harel [21, Definition 4.1]. Milo et
al. also generalized from strings to trees, but from the point
of view of this paper, the string case originally considered
by Globerman and Harel is more important: Engelfriet and
Maneth [16, 20] observed that in the string-to-string case,
pebble transducers have polynomial size outputs and are
closed under composition (neither of which is true in the
tree-to-tree case). Therefore, in this paper, we discuss only
the string-to-string version of pebble transducers.

The idea behind a pebble transducer is that it is an automa-
ton that uses pebbles to mark positions in the input word,
as in the following picture:

aa cb aa b

pebble 1

pebble 2

pebble 3

pebble 4

Importantly, the pebbles are organized in a stack, with pebble
1 at the bottom of the stack. The stack discipline is what en-
sures that the model is finite-state [21, Theorem 4.2]; without

the stack discipline the model would be the same as multi-
head automata, which correspond to logarithmic space [24,
Corollary 3.5]. The stack can be empty, but its height is
bounded by a constant 𝑘 that is given in the pebble automa-
ton. (There are models with unbounded numbers of peb-
bles [18].) We use the name head for the topmost pebble
on the stack2. Apart from the pebble stack, the automaton
has a state from a finite set. To update its configuration, the
pebble transducer looks at its state, and the answers to the
following questions, where 𝑖, 𝑗 ∈ {1, . . . , 𝑘} range over pebble
numbers:

1. is the input string empty?
2. is the 𝑖-th pebble on a position with label 𝑎?
3. is the 𝑖-th pebble to the left of the 𝑗-th pebble?
4. is the 𝑖-th pebble on the first/last input position?

The questions have “no” answers if they refer to pebbles
that are not in the stack, which can happen if the stack has
non-maximal height. Based on the state and the answers
to these questions, the pebble transducer deterministically
chooses a new state and an action from the following set:

1. output letter 𝑎;
2. move the head one position to the left/right;
3. push the first input position onto the pebble stack;
4. pop the topmost pebble from the pebble stack;
5. terminate.
Formally speaking, a configuration of the pebble trans-

ducer is defined to be an input string, together with a state
and a stack 𝑥1, . . . , 𝑥ℓ of positions in the input string whose
height ℓ is in {0, . . . , 𝑘}. The transducer begins in the config-
uration which has an empty stack, and a designated initial
state. Next, it keeps on updating its configuration according
to the above transition rules. The resulting sequence of con-
figurations is called the run of the pebble transducer, and it
stops when the “terminate” action is executed. The output
string is defined to be the sequence of output letters that are
produced by output actions during the run, in the order that
they were executed. The output string is undefined if one of
the following errors occurs: (a) the run never terminates; or
(b) the head moves out of the input string; or (c) the empty
stack is popped; or (d) the push action is executed when the
stack has maximal height 𝑘 . We will only care about pebble
transducers which define total functions, which means that
for every input string none of the errors (a) – (d) occur.
We use the name 𝑘-pebble transducer for a pebble trans-

ducer where the bound on the stack height is 𝑘 . In the case of
𝑘 = 1, we recover deterministic two-way automata with out-
put, a model that was introduced by Shepherdson in 1959 [34,
Note 4], and which is one of the descriptions of the class of

2Like [28] but unlike [20, 21], we count the head as just another pebble.
Therefore, a transducer with 𝑘 pebbles in our notation becomes, in the nota-
tion of [20, 21], a transducer with 𝑘 − 1 pebbles and a head. The motivation
for our choice is that a transducer with 𝑘 pebbles in our notation will have
output size𝒪(𝑛𝑘).

By Theorem 1.1, the regular language is a string-to-Boolean
for-transducer. By Theorem 1.4, the diagonal arrow f ;L is
a for-transducer as a composition of two for-transducers.
By Theorem 1.1 again, the diagonal arrow is a regular lan-
guage. Since all constructions are effective, we can decide the
problem by testing the regular language f ;L for universality.
□

By the remarks in Example 5, the computational complex-
ity of the problem in the above corollary is non-elementary.

2 PEBBLE TRANSDUCERS
We now describe the second model for polyregular func-
tions, which is called pebble transducers. Historically, this
is the original model: pebble transducers were introduced
by Milo et al. in [28, Section 3.1], as a transducer variant of
pebble automata with “yes” and “no” outputs that were intro-
duced by Globerman and Harel [21, Definition 4.1]. Milo et
al. also generalized from strings to trees, but from the point
of view of this paper, the string case originally considered
by Globerman and Harel is more important: Engelfriet and
Maneth [16, 20] observed that in the string-to-string case,
pebble transducers have polynomial size outputs and are
closed under composition (neither of which is true in the
tree-to-tree case). Therefore, in this paper, we discuss only
the string-to-string version of pebble transducers.

The idea behind a pebble transducer is that it is an automa-
ton that uses pebbles to mark positions in the input word, as
in the following picture:
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Corollary 1.5. Given a for-transducer and a regular prop-
erty of output strings, one can decide if all outputs of the for-
transducer satisfy the regular property.

Proof
We are given a for-transducer 𝑓 and a regular property 𝐿
and we want to know if the composition described by the
diagonal arrow in the following picture gives only “yes” out-
puts:

Σ∗ Γ∗

{yes, no}

for-transducer
𝑓

𝑓 ;𝐿
regular language𝐿

By Theorem 1.1, the regular language is a string-to-Boolean
for-transducer. By Theorem 1.4, the diagonal arrow 𝑓 ;𝐿 is
a for-transducer as a composition of two for-transducers.
By Theorem 1.1 again, the diagonal arrow is a regular lan-
guage. Since all constructions are effective, we can decide the
problem by testing the regular language 𝑓 ;𝐿 for universality.◻

By the remarks in Example 5, the computational complex-
ity of the problem in the above corollary is non-elementary.

2 Pebble transducers
We now describe the second model for polyregular func-
tions, which is called pebble transducers. Historically, this
is the original model: pebble transducers were introduced
by Milo et al. in [28, Section 3.1], as a transducer variant of
pebble automata with “yes” and “no” outputs that were intro-
duced by Globerman and Harel [21, Definition 4.1]. Milo et
al. also generalized from strings to trees, but from the point
of view of this paper, the string case originally considered
by Globerman and Harel is more important: Engelfriet and
Maneth [16, 20] observed that in the string-to-string case,
pebble transducers have polynomial size outputs and are
closed under composition (neither of which is true in the
tree-to-tree case). Therefore, in this paper, we discuss only
the string-to-string version of pebble transducers.

The idea behind a pebble transducer is that it is an automa-
ton that uses pebbles to mark positions in the input word,
as in the following picture:

aa cb aa b

pebble 1

pebble 2

pebble 3

pebble 4

Importantly, the pebbles are organized in a stack, with pebble
1 at the bottom of the stack. The stack discipline is what en-
sures that the model is finite-state [21, Theorem 4.2]; without

the stack discipline the model would be the same as multi-
head automata, which correspond to logarithmic space [24,
Corollary 3.5]. The stack can be empty, but its height is
bounded by a constant 𝑘 that is given in the pebble automa-
ton. (There are models with unbounded numbers of peb-
bles [18].) We use the name head for the topmost pebble
on the stack2. Apart from the pebble stack, the automaton
has a state from a finite set. To update its configuration, the
pebble transducer looks at its state, and the answers to the
following questions, where 𝑖, 𝑗 ∈ {1, . . . , 𝑘} range over pebble
numbers:

1. is the input string empty?
2. is the 𝑖-th pebble on a position with label 𝑎?
3. is the 𝑖-th pebble to the left of the 𝑗-th pebble?
4. is the 𝑖-th pebble on the first/last input position?

The questions have “no” answers if they refer to pebbles
that are not in the stack, which can happen if the stack has
non-maximal height. Based on the state and the answers
to these questions, the pebble transducer deterministically
chooses a new state and an action from the following set:

1. output letter 𝑎;
2. move the head one position to the left/right;
3. push the first input position onto the pebble stack;
4. pop the topmost pebble from the pebble stack;
5. terminate.
Formally speaking, a configuration of the pebble trans-

ducer is defined to be an input string, together with a state
and a stack 𝑥1, . . . , 𝑥ℓ of positions in the input string whose
height ℓ is in {0, . . . , 𝑘}. The transducer begins in the config-
uration which has an empty stack, and a designated initial
state. Next, it keeps on updating its configuration according
to the above transition rules. The resulting sequence of con-
figurations is called the run of the pebble transducer, and it
stops when the “terminate” action is executed. The output
string is defined to be the sequence of output letters that are
produced by output actions during the run, in the order that
they were executed. The output string is undefined if one of
the following errors occurs: (a) the run never terminates; or
(b) the head moves out of the input string; or (c) the empty
stack is popped; or (d) the push action is executed when the
stack has maximal height 𝑘 . We will only care about pebble
transducers which define total functions, which means that
for every input string none of the errors (a) – (d) occur.
We use the name 𝑘-pebble transducer for a pebble trans-

ducer where the bound on the stack height is 𝑘 . In the case of
𝑘 = 1, we recover deterministic two-way automata with out-
put, a model that was introduced by Shepherdson in 1959 [34,
Note 4], and which is one of the descriptions of the class of

2Like [28] but unlike [20, 21], we count the head as just another pebble.
Therefore, a transducer with 𝑘 pebbles in our notation becomes, in the nota-
tion of [20, 21], a transducer with 𝑘 − 1 pebbles and a head. The motivation
for our choice is that a transducer with 𝑘 pebbles in our notation will have
output size𝒪(𝑛𝑘).

Importantly, the pebbles are organized in a stack, with pebble
1 at the bottom of the stack. The stack discipline is what en-
sures that the model is finite-state [21, Theorem 4.2]; without
the stack discipline the model would be the same as multi-
head automata, which correspond to logarithmic space [24,
Corollary 3.5]. The stack can be empty, but its height is
bounded by a constant k that is given in the pebble automa-
ton. (There are models with unbounded numbers of peb-
bles [18].) We use the name head for the topmost pebble on
the stack2. Apart from the pebble stack, the automaton has a
state from a finite set. To update its configuration, the pebble
transducer looks at its state, and the answers to the following
questions, where i, j ∈ {1, . . . ,k} range over pebble numbers:
(1) is the input string empty?
(2) is the i-th pebble on a position with label a?
(3) is the i-th pebble to the left of the j-th pebble?
(4) is the i-th pebble on the first/last input position?

The questions have “no” answers if they refer to pebbles
that are not in the stack, which can happen if the stack has
non-maximal height. Based on the state and the answers

2Like [28] but unlike [20, 21], we count the head as just another pebble.
Therefore, a transducer with k pebbles in our notation becomes, in the nota-
tion of [20, 21], a transducer with k − 1 pebbles and a head. The motivation
for our choice is that a transducer with k pebbles in our notation will have
output size O(nk ).
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to these questions, the pebble transducer deterministically
chooses a new state and an action from the following set:

(1) output letter a;
(2) move the head one position to the left/right;
(3) push the first input position onto the pebble stack;
(4) pop the topmost pebble from the pebble stack;
(5) terminate.

Formally speaking, a configuration of the pebble trans-
ducer is defined to be an input string, together with a state
and a stack x1, . . . ,xℓ of positions in the input string whose
height ℓ is in {0, . . . ,k}. The transducer begins in the config-
uration which has an empty stack, and a designated initial
state. Next, it keeps on updating its configuration according
to the above transition rules. The resulting sequence of con-
figurations is called the run of the pebble transducer, and it
stops when the “terminate” action is executed. The output
string is defined to be the sequence of output letters that are
produced by output actions during the run, in the order that
they were executed. The output string is undefined if one of
the following errors occurs: (a) the run never terminates; or
(b) the head moves out of the input string; or (c) the empty
stack is popped; or (d) the push action is executed when the
stack has maximal height k . We will only care about pebble
transducers which define total functions, which means that
for every input string none of the errors (a) – (d) occur.
We use the name k-pebble transducer for a pebble trans-

ducer where the bound on the stack height is k . In the case of
k = 1, we recover deterministic two-way automata with out-
put, a model that was introduced by Shepherdson in 1959 [34,
Note 4], and which is one of the descriptions of the class of
regular string-to-string functions that was mentioned in the
introduction and will be discussed later in this paper.

2.1 Equivalence with for-transducers
We now prove that pebble transducers compute the same
string-to-string functions as for-transducers.

Theorem 2.1. Pebble transducers and for-transducers com-
pute the same string-to-string functions.

One direction is clear: a for-transducer can easily be simu-
lated by a pebble transducer, with one pebble for each nested
for loop, and with the state used to store the values of the
Boolean variables and the currently executed instruction.

The interesting direction is simulating a pebble transducer
with a for-transducer. The difficulty is that a pebble trans-
ducer can move its head both ways, while a loop in a for-
transducer has a fixed direction, which is either first-to-last
or last-to-first. Therefore, the converting a pebble transducer
into a for-transducer can be seen as a sort of “untwisting”,

to use the terminology of [4]. Furthermore, even when sim-
ulating a one pebble transducer we might need more than
one nested loop, as explained in the following example.

Example 6.Consider themap reverse function, which inputs
several strings over alphabet {a,b} separator by a symbol |,
and reverses each of the strings, as illustrated in the following
example:

ab |abbb |baa |a 7→ ba |bbba |aab |a.

This function can be computed by a one pebble transducer,
where the head movement illustrated as follows:
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regular string-to-string functions that was mentioned in the
introduction and will be discussed later in this paper.

2.1 Equivalence with for-transducers
We now prove that pebble transducers compute the same
string-to-string functions as for-transducers.

Theorem 2.1. Pebble transducers and for-transducers com-
pute the same string-to-string functions.

One direction is clear: a for-transducer can easily be simu-
lated by a pebble transducer, with one pebble for each nested
for loop, and with the state used to store the values of the
Boolean variables and the currently executed instruction.

The interesting direction is simulating a pebble transducer
with a for-transducer. The difficulty is that a pebble trans-
ducer can move its head both ways, while a loop in a for-
transducer has a fixed direction, which is either first-to-last
or last-to-first. Therefore, the converting a pebble transducer
into a for-transducer can be seen as a sort of “untwisting”,
to use the terminology of [4]. Furthermore, even when sim-
ulating a one pebble transducer we might need more than
one nested loop, as explained in the following example.

Example 6.Consider themap reverse function, which inputs
several strings over alphabet {𝑎,𝑏} separator by a symbol ⋃︀,
and reverses each of the strings, as illustrated in the following
example:

𝑎𝑏⋃︀𝑎𝑏𝑏𝑏⋃︀𝑏𝑎𝑎⋃︀𝑎 ↦ 𝑏𝑎⋃︀𝑏𝑏𝑏𝑎⋃︀𝑎𝑎𝑏⋃︀𝑎.
This function can be computed by a one pebble transducer,
where the head movement illustrated as follows:

a b b| | |b ba ab a a b b

run of the one pebble transducer

input string

The map reverse function can also be easily computed by a
for-transducer, which has two nested loops: an outer loop
of first-to-last kind which looks for the separators, and an
inner loop of last-to-first kind which produces the reversed
strings.

We now argue that the nested loops are necessary, i.e. the
map reverse function cannot be computed by a for-transducer
that has no nested for loops (but it can use several for loops,
as long as they are not nested in each other). This is proved in
two steps: (a) every for-transducer without nested for loops
is equivalent to a sweeping two-way transducer, i.e. a version
of a one pebble transducer where the head can change direc-
tions only at the beginning and end of the input string; and
(b) a sweeping two-way transducer cannot compute the map
reverse function. Both of these steps are left to the reader; for

the second step we refer to the characterization of sweeping
two-way transducers in [3, Theorem 10]. ◻

As the above example illustrates, the simulation of a pebble
transducer with a for-transducer will require some kind of
non-trivial simulation of the two-way movement of the head
in a pebble transducer. The rest of this section is devoted to
presenting such a simulation. Fix a pebble transducer, with
a stack bound 𝑘 .

Reachability oracles. We begin with a sub-procedure,
called the reachability oracle, which does not produce any
output, but only tells us when two configurations of the peb-
ble transducer can be connected by a run. We will only care
about special kinds of runs: for ℓ ∈ {0, . . . , 𝑘}, an ℓ-run is
defined to be a run where both the source and target config-
urations have height exactly ℓ , and all other configurations
used in the run have height at least ℓ . Here, the height of a
configuration is the height of its pebble stack. This means
that pebble ℓ is never popped, although it can be moved left
and right, and in particular the source and target configura-
tions in such a run must agree on pebbles < ℓ . The following
lemma shows that a for-program with Boolean outputs can
compute reachability for such runs.

Lemma 2.2 (Reachability oracle). For every ℓ ∈ {1, . . . , 𝑘}
there is a for-transducer which inputs two configurations of
height ℓ that have a common input string, call them source
and target, and answers if they can be connected by an ℓ-run.

Before proving the lemma, we explain how the input and
output are represented. As usual in a for-transducer, we get
the input string, but we also get two states (stored in Boolean
variables) as well as ℓ+1 distinguished input positions (stored
in position variables)

𝑥1, . . . , 𝑥ℓ−1)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
common part of the stack

in the source and
target configurations

𝑥ℓ⟩︀
head in
source

𝑥 ′ℓ⟩︀
head in
source

.

As in a string-to-Boolean transducer, the Boolean return
value is stored in a distinguished output Boolean variable.
Proof
We use the classical Shepherdson algorithm for simulating a
two-way automaton in a one-way pass [34], extended with
recursive calls used to describe (ℓ+1)-runs that might appear
inside an ℓ-run. The lemma is proved by induction on ℓ ,
starting with 𝑘 and progressing down to 1. Suppose that
we want to prove the lemma for ℓ , and we are either at the
induction basis of ℓ = 𝑘 , or we have already proved the
lemma for ℓ + 1.
In the proof, we use the following notation. For a state 𝑞

and a position 𝑥 in the input string, we write ∐︀𝑞, 𝑥̃︀ for the
configuration of height ℓ that is obtained from the source
(or, equivalently, the target) configuration by changing the
state to 𝑞 and the head position to 𝑥 . Define the Shepherdson

The map reverse function can also be easily computed by a
for-transducer, which has two nested loops: an outer loop
of first-to-last kind which looks for the separators, and an
inner loop of last-to-first kind which produces the reversed
strings.

We now argue that the nested loops are necessary, i.e. the
map reverse function cannot be computed by a for-transducer
that has no nested for loops (but it can use several for loops,
as long as they are not nested in each other). This is proved in
two steps: (a) every for-transducer without nested for loops
is equivalent to a sweeping two-way transducer, i.e. a version
of a one pebble transducer where the head can change direc-
tions only at the beginning and end of the input string; and
(b) a sweeping two-way transducer cannot compute the map
reverse function. Both of these steps are left to the reader; for
the second step we refer to the characterization of sweeping
two-way transducers in [3, Theorem 10]. □

As the above example illustrates, the simulation of a pebble
transducer with a for-transducer will require some kind of
non-trivial simulation of the two-way movement of the head
in a pebble transducer. The rest of this section is devoted to
presenting such a simulation. Fix a pebble transducer, with
a stack bound k .

Reachability oracles. Webeginwith a sub-procedure, called
the reachability oracle, which does not produce any output,
but only tells us when two configurations of the pebble trans-
ducer can be connected by a run. We will only care about
special kinds of runs: for ℓ ∈ {0, . . . ,k}, an ℓ-run is defined
to be a run where both the source and target configurations
have height exactly ℓ, and all other configurations used in
the run have height at least ℓ. Here, the height of a configura-
tion is the height of its pebble stack. This means that pebble
ℓ is never popped, although it can be moved left and right,
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and in particular the source and target configurations in
such a run must agree on pebbles < ℓ. The following lemma
shows that a for-program with Boolean outputs can compute
reachability for such runs.

Lemma 2.2 (Reachability oracle). For every ℓ ∈ {1, . . . ,k}
there is a for-transducer which inputs two configurations of
height ℓ that have a common input string, call them source
and target, and answers if they can be connected by an ℓ-run.

Before proving the lemma, we explain how the input and
output are represented. As usual in a for-transducer, we get
the input string, but we also get two states (stored in Boolean
variables) as well as ℓ+1 distinguished input positions (stored
in position variables)
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regular string-to-string functions that was mentioned in the
introduction and will be discussed later in this paper.

2.1 Equivalence with for-transducers
We now prove that pebble transducers compute the same
string-to-string functions as for-transducers.

Theorem 2.1. Pebble transducers and for-transducers com-
pute the same string-to-string functions.

One direction is clear: a for-transducer can easily be simu-
lated by a pebble transducer, with one pebble for each nested
for loop, and with the state used to store the values of the
Boolean variables and the currently executed instruction.

The interesting direction is simulating a pebble transducer
with a for-transducer. The difficulty is that a pebble trans-
ducer can move its head both ways, while a loop in a for-
transducer has a fixed direction, which is either first-to-last
or last-to-first. Therefore, the converting a pebble transducer
into a for-transducer can be seen as a sort of “untwisting”,
to use the terminology of [4]. Furthermore, even when sim-
ulating a one pebble transducer we might need more than
one nested loop, as explained in the following example.

Example 6.Consider themap reverse function, which inputs
several strings over alphabet {𝑎,𝑏} separator by a symbol ⋃︀,
and reverses each of the strings, as illustrated in the following
example:

𝑎𝑏⋃︀𝑎𝑏𝑏𝑏⋃︀𝑏𝑎𝑎⋃︀𝑎 ↦ 𝑏𝑎⋃︀𝑏𝑏𝑏𝑎⋃︀𝑎𝑎𝑏⋃︀𝑎.
This function can be computed by a one pebble transducer,
where the head movement illustrated as follows:

a b b| | |b ba ab a a b b

run of the one pebble transducer

input string

The map reverse function can also be easily computed by a
for-transducer, which has two nested loops: an outer loop
of first-to-last kind which looks for the separators, and an
inner loop of last-to-first kind which produces the reversed
strings.

We now argue that the nested loops are necessary, i.e. the
map reverse function cannot be computed by a for-transducer
that has no nested for loops (but it can use several for loops,
as long as they are not nested in each other). This is proved in
two steps: (a) every for-transducer without nested for loops
is equivalent to a sweeping two-way transducer, i.e. a version
of a one pebble transducer where the head can change direc-
tions only at the beginning and end of the input string; and
(b) a sweeping two-way transducer cannot compute the map
reverse function. Both of these steps are left to the reader; for

the second step we refer to the characterization of sweeping
two-way transducers in [3, Theorem 10]. ◻

As the above example illustrates, the simulation of a pebble
transducer with a for-transducer will require some kind of
non-trivial simulation of the two-way movement of the head
in a pebble transducer. The rest of this section is devoted to
presenting such a simulation. Fix a pebble transducer, with
a stack bound 𝑘 .

Reachability oracles. We begin with a sub-procedure,
called the reachability oracle, which does not produce any
output, but only tells us when two configurations of the peb-
ble transducer can be connected by a run. We will only care
about special kinds of runs: for ℓ ∈ {0, . . . , 𝑘}, an ℓ-run is
defined to be a run where both the source and target config-
urations have height exactly ℓ , and all other configurations
used in the run have height at least ℓ . Here, the height of a
configuration is the height of its pebble stack. This means
that pebble ℓ is never popped, although it can be moved left
and right, and in particular the source and target configura-
tions in such a run must agree on pebbles < ℓ . The following
lemma shows that a for-program with Boolean outputs can
compute reachability for such runs.

Lemma 2.2 (Reachability oracle). For every ℓ ∈ {1, . . . , 𝑘}
there is a for-transducer which inputs two configurations of
height ℓ that have a common input string, call them source
and target, and answers if they can be connected by an ℓ-run.

Before proving the lemma, we explain how the input and
output are represented. As usual in a for-transducer, we get
the input string, but we also get two states (stored in Boolean
variables) as well as ℓ+1 distinguished input positions (stored
in position variables)

𝑥1, . . . , 𝑥ℓ−1)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
common part of the stack

in the source and
target configurations

𝑥ℓ⟩︀
head in
source

𝑥 ′ℓ⟩︀
head in
source

.

As in a string-to-Boolean transducer, the Boolean return
value is stored in a distinguished output Boolean variable.
Proof
We use the classical Shepherdson algorithm for simulating a
two-way automaton in a one-way pass [34], extended with
recursive calls used to describe (ℓ+1)-runs that might appear
inside an ℓ-run. The lemma is proved by induction on ℓ ,
starting with 𝑘 and progressing down to 1. Suppose that
we want to prove the lemma for ℓ , and we are either at the
induction basis of ℓ = 𝑘 , or we have already proved the
lemma for ℓ + 1.
In the proof, we use the following notation. For a state 𝑞

and a position 𝑥 in the input string, we write ∐︀𝑞, 𝑥̃︀ for the
configuration of height ℓ that is obtained from the source
(or, equivalently, the target) configuration by changing the
state to 𝑞 and the head position to 𝑥 . Define the Shepherdson

As in a string-to-Boolean transducer, the Boolean return
value is stored in a distinguished output Boolean variable.
Proof
We use the classical Shepherdson algorithm for simulating a
two-way automaton in a one-way pass [34], extended with
recursive calls used to describe (ℓ+1)-runs that might appear
inside an ℓ-run. The lemma is proved by induction on ℓ,
starting with k and progressing down to 1. Suppose that
we want to prove the lemma for ℓ, and we are either at the
induction basis of ℓ = k , or we have already proved the
lemma for ℓ + 1.
In the proof, we use the following notation. For a state q

and a position x in the input string, we write ⟨q,x⟩ for the
configuration of height ℓ that is obtained from the source
(or, equivalently, the target) configuration by changing the
state to q and the head position to x . Define the Shepherdson
profile of a position x to be the information about which
pairs of configurations in the set

{source, target} ∪ {⟨q,x⟩ | q is a state}

can be connected by an ℓ-run in which all configurations
have pebble ℓ pointing to a position in the prefix {1, . . . ,x}.
Note that the ℓ-runs are allowed to place pebbles outside
this prefix, as long as these pebbles are not pebble ℓ. Our
ultimate goal is to compute the Shepherdson profile of the
last position x ; in this case the Shepherdson profile tells us
if there is an ℓ-run from the source to target without any
restrictions on the position of pebble ℓ. The point of the
Shepherdson profile is that it can be computed in a single
first-to-last pass ranging over positions x , with recursive
procedure calls that ask about runs of height ℓ + 1. This is
because the Shepherdson profile of a position x is uniquely

determined by the Shepherdson profile of the previous po-
sition x − 1 (if it exists), and the information about which
pairs of configurations from the set

{⟨q,x⟩, ⟨q,x − 1⟩ | q is a state}

can be connected by an ℓ-run that is atomic, which means
that all of its configurations, except for the first and last one,
have height > ℓ. The answers to the questions about atomic
ℓ-runs can be obtained by a recursive call using the induction
assumption, since an atomic ℓ-run is either a single transition,
or it is a push transition, followed by an (ℓ+ 1)-run, followed
by a pop transition. Therefore, the Shepherdson profile of the
last position can be computed using a first-to-last loop over
positions x in the input string, which uses Boolean variables
to store themost recently computed Shepherdson profile, and
uses recursive calls for Shepherdson profiles corresponding
to height ℓ + 1. □

Remark: The code of the for-transducer in the above
lemma is polynomial in the code of the pebble transducer;
also it only uses first-to-last loops. The polynomial size in
this remark assumes that we use a syntactic variant of for-
transducers where sub-procedures that are used multiple
times need only be defined once, instead of being inlined in
each place of the code where they are used. This syntactic
variant corresponds to the code of the for-transducer being
represented as a directed acyclic graph, instead of a tree.

Producing the output. We now show the main part of the
construction, where a for-transducer produces the output
of a pebble transducer. This is described in the following
lemma.

Lemma 2.3. For every ℓ ∈ {1, . . . ,k} there is a for-transducer
which inputs an ℓ-run, represented by its source and target
configurations, and produces the output of this ℓ-run.

Before proving the lemma, we use it to conclude the proof
of Theorem 2.1. Without loss of generality, we can assume
that if the input string is nonempty, then the pebble trans-
ducer begins by pushing a pebble onto the initially empty
stack, never pops that pebble, and then terminates in a stack
of height one. For such a pebble transducer, the output can
be computed by a for-transducer by using the lemma applied
to ℓ = 1.
Proof
We begin by clarifying what we mean by the output of an
ℓ-run. We think of an output letter as being produced in
a transition that connects two consecutive configurations.
The output of a run is defined to be all output letters that
are produced between any two consecutive configurations
inside the run; this output does not include any letter that
would be produced when applying the transition function
to the target configuration in the run. This definition avoids
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double counting of output letters when decomposing a run
into two parts.

The condition that the run from source to target is indeed
an ℓ-run, i.e. it uses only configurations of height ℓ, can
be checked using the reachability oracle from Lemma 2.2.
Therefore, from now on we assume that this condition is
satisfied. Using the reachability oracle, we can find all con-
figurations of level exactly ℓ that are used in the run, these
configurations can be visualized as in the following picture,
which shows only the head position (columns) and the state
(rows):
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profile of a position 𝑥 to be the information about which
pairs of configurations in the set

{source, target} ∪ {∐︀𝑞, 𝑥̃︀ ⋃︀ 𝑞 is a state}
can be connected by an ℓ-run in which all configurations
have pebble ℓ pointing to a position in the prefix {1, . . . , 𝑥}.
Note that the ℓ-runs are allowed to place pebbles outside
this prefix, as long as these pebbles are not pebble ℓ . Our
ultimate goal is to compute the Shepherdson profile of the
last position 𝑥 ; in this case the Shepherdson profile tells us
if there is an ℓ-run from the source to target without any
restrictions on the position of pebble ℓ . The point of the
Shepherdson profile is that it can be computed in a single
first-to-last pass ranging over positions 𝑥 , with recursive
procedure calls that ask about runs of height ℓ + 1. This is
because the Shepherdson profile of a position 𝑥 is uniquely
determined by the Shepherdson profile of the previous po-
sition 𝑥 − 1 (if it exists), and the information about which
pairs of configurations from the set

{∐︀𝑞, 𝑥̃︀, ∐︀𝑞, 𝑥 − 1̃︀ ⋃︀ 𝑞 is a state}
can be connected by an ℓ-run that is atomic, which means
that all of its configurations, except for the first and last one,
have height > ℓ . The answers to the questions about atomic
ℓ-runs can be obtained by a recursive call using the induction
assumption, since an atomic ℓ-run is either a single transition,
or it is a push transition, followed by an (ℓ+1)-run, followed
by a pop transition. Therefore, the Shepherdson profile of
the last position can be computed using a first-to-last loop
over positions 𝑥 in the input string, which uses Boolean
variables to store the most recently computed Shepherdson
profile, and uses recursive calls for Shepherdson profiles
corresponding to height ℓ + 1. ◻
Remark: The code of the for-transducer in the above

lemma is polynomial in the code of the pebble transducer;
also it only uses first-to-last loops. The polynomial size in
this remark assumes that we use a syntactic variant of for-
transducers where sub-procedures that are used multiple
times need only be defined once, instead of being inlined in
each place of the code where they are used. This syntactic
variant corresponds to the code of the for-transducer being
represented as a directed acyclic graph, instead of a tree.

Producing the output. We now show the main part of
the construction, where a for-transducer produces the output
of a pebble transducer. This is described in the following
lemma.
Lemma 2.3. For every ℓ ∈ {1, . . . , 𝑘} there is a for-transducer
which inputs an ℓ-run, represented by its source and target
configurations, and produces the output of this ℓ-run.

Before proving the lemma, we use it to conclude the proof
of Theorem 2.1. Without loss of generality, we can assume
that if the input string is nonempty, then the pebble trans-
ducer begins by pushing a pebble onto the initially empty

stack, never pops that pebble, and then terminates in a stack
of height one. For such a pebble transducer, the output can
be computed by a for-transducer by using the lemma applied
to ℓ = 1.
Proof
We begin by clarifying what we mean by the output of an
ℓ-run. We think of an output letter as being produced in
a transition that connects two consecutive configurations.
The output of a run is defined to be all output letters that
are produced between any two consecutive configurations
inside the run; this output does not include any letter that
would be produced when applying the transition function
to the target configuration in the run. This definition avoids
double counting of output letters when decomposing a run
into two parts.
The condition that the run from source to target is in-

deed an ℓ-run, i.e. it uses only configurations of height ℓ , can
be checked using the reachability oracle from Lemma 2.2.
Therefore, from now on we assume that this condition is
satisfied. Using the reachability oracle, we can find all con-
figurations of level exactly ℓ that are used in the run, these
configurations can be visualized as in the following picture,
which shows only the head position (columns) and the state
(rows):

a1 a4 a7a2 a5 a8a3 a6 a9
q1

q2

q3

q4

source target

In the above picture, a line connects two configurations of
height ℓ , but it represents a sub-run which can use many
configurations of height > ℓ . We will produce the output
by induction on a parameter of the run which is called its
width: the width of an ℓ-run is the maximal number of times
a position can have the head in a configuration of height
exactly ℓ . The maximal width is the number of states.
It remains to compute the outputs of ℓ-runs that have

width𝑚, assuming that we already know how to compute
the outputs of ℓ-runs that have width strictly smaller than
𝑚. Suppose that we are given an ℓ-run, represented by its
source and target configurations. Define the leftmost position
in an ℓ-run to be the leftmost position that is used by pebble
ℓ in the run, without taking into account the other pebbles.
Similarly, we define the rightmost position. We present the
construction under the assumption that the head position in
the source is either leftmost or rightmost. The reduction to
the case when this assumption is satisfied is an easy exercise
that is left to the reader.

In the above picture, a line connects two configurations of
height ℓ, but it represents a sub-run which can use many
configurations of height > ℓ. We will produce the output
by induction on a parameter of the run which is called its
width: the width of an ℓ-run is the maximal number of times
a position can have the head in a configuration of height
exactly ℓ. The maximal width is the number of states.
It remains to compute the outputs of ℓ-runs that have

widthm, assuming that we already know how to compute
the outputs of ℓ-runs that have width strictly smaller than
m. Suppose that we are given an ℓ-run, represented by its
source and target configurations. Define the leftmost position
in an ℓ-run to be the leftmost position that is used by pebble
ℓ in the run, without taking into account the other pebbles.
Similarly, we define the rightmost position. We present the
construction under the assumption that the head position in
the source is either leftmost or rightmost. The reduction to
the case when this assumption is satisfied is an easy exercise
that is left to the reader.
Assume by symmetry that the head in the source is the

leftmost position of the ℓ-run. Define the pioneer configu-
ration at position x to be the first configuration of height
exactly ℓ in the ℓ-run where the head is at position x . Here is
a picture with pioneer configurations highlighted in yellow:
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Assume by symmetry that the head in the source is the
leftmost position of the ℓ-run. Define the pioneer configu-
ration at position 𝑥 to be the first configuration of height
exactly ℓ in the ℓ-run where the head is at position 𝑥 . Here is
a picture with pioneer configurations highlighted in yellow:

a1 a4 a7a2 a5 a8a3 a6 a9

Define the step of a position 𝑥 to be the ℓ-run that begins in
the pioneer configuration at position 𝑥 and continues until
the pioneer configuration at the next position 𝑥 + 1 (or until
the end of the original ℓ-run, if 𝑥 is the rightmost position).
We show below how to produce the output of each step,
assuming that the position 𝑥 is given. This will complete the
proof, since the entire output is obtained by doing a first-
to-last loop ranging over all positions which have a defined
pioneer, and producing for each such position the output of
its step.
To produce the output of the step of position 𝑥 , we dis-

tinguish in this step two configurations of height ℓ : the first
midpoint is first time when pebble ℓ is placed in the leftmost
position of the step, while the second midpoint is the last
time in the step when pebble ℓ is placed in position 𝑥 . These
two configurations are depicted in the following picture:

a1 a4 a7a2 a5 a8a3 a6 a9

first midpoint second midpoint

This way, the step of 𝑥 can be split into three parts: (1) from
the beginning until the first midpoint; (2) from the first mid-
point to the second midpoint; and (3) from the second mid-
point until the end. The first two parts have strictly smaller
width, because each position of pebble ℓ is used by both
parts; therefore their outputs can be produced by induction
assumption on smaller width. The last part has only two
configurations of height ℓ , and therefore its output can be
produced by induction assumption on the height. ◻

Remark: Unlike the code for the reachability oracle, the
code of the for-transducer in Lemma 2.3 is not polynomial,
even if we use a directed acyclic graph representation of the
code in a for-transducer. In fact, the code is exponential in

the number of states, because of the induction on widths in
the proof.

3 Prime functions
So far we have two equivalent models: for-transducers and
pebble transducers. Define the polyregular functions to be the
string-to-string functions that are computed by these models.
Themodels have features such as variables/pebbles and loops,
which makes it easy to program them. In some contexts, it is
useful to have a minimal set of features, e.g. when we want
to prove that every polyregular function has some property.
In this section, we give such a minimal model.

Krohn-Rhodes forMealymachines. The inspiration for
the minimal model is the Krohn-Rhodes Theorem [25, p. 454],
which shows that each Mealy machine can be obtained
by composing certain prime Mealy machines. Recall that
a Mealy machine is defined to be a dfa without accepting
states, where every transition is labelled by exactly one out-
put letter, as in the following picture:

b / c

b / d

a / c a / c
transition that inputs a 
and outputs c

When composing Mealy machines, we mean composing the
string-to-string functions that they compute. The prime ma-
chines are defined in terms of their state transformations,
i.e. state-to-state functions that arise from input strings.
Theorem 3.1 (Krohn-Rhodes Theorem). Every Mealy ma-
chine is a composition of finitely many Mealy machines which
satisfy one of the two following conditions:● reversible: every state transformation is a permutation3;● flip-flop: there are two states and every state transfor-

mation is a constant function or the identity.

A Mealy machine that satisfies one of the two conditions
in the theorem is called prime. A typical application of the
theorem is to prove that all prime Mealy machines have
some property, and that this property is preserved under
composition; thus concluding that all Mealy machines have
this property.

Example 7. Hopcroft and Ullman [23, Theorem 5] prove
that two-way automata with output are closed under pre-
composition with Mealy machines. This means that for every
3 In Section 7.1, we will care about languages and functions that can be
defined in first-order logic, see Example 5. The Krohn-Rhodes Theorem, in
its full version, also says that reversible machines with more than one state
are not needed for Mealy machines which are first-order definable in the
following sense: for every state 𝑞, there is a first-order formula that is true
in exactly the input strings which lead to state 𝑞.

Define the step of a position x to be the ℓ-run that begins in
the pioneer configuration at position x and continues until
the pioneer configuration at the next position x + 1 (or until
the end of the original ℓ-run, if x is the rightmost position).
We show below how to produce the output of each step,
assuming that the position x is given. This will complete the
proof, since the entire output is obtained by doing a first-
to-last loop ranging over all positions which have a defined
pioneer, and producing for each such position the output of
its step.
To produce the output of the step of position x , we dis-

tinguish in this step two configurations of height ℓ: the first
midpoint is first time when pebble ℓ is placed in the leftmost
position of the step, while the second midpoint is the last
time in the step when pebble ℓ is placed in position x . These
two configurations are depicted in the following picture:
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Assume by symmetry that the head in the source is the
leftmost position of the ℓ-run. Define the pioneer configu-
ration at position 𝑥 to be the first configuration of height
exactly ℓ in the ℓ-run where the head is at position 𝑥 . Here is
a picture with pioneer configurations highlighted in yellow:

a1 a4 a7a2 a5 a8a3 a6 a9

Define the step of a position 𝑥 to be the ℓ-run that begins in
the pioneer configuration at position 𝑥 and continues until
the pioneer configuration at the next position 𝑥 + 1 (or until
the end of the original ℓ-run, if 𝑥 is the rightmost position).
We show below how to produce the output of each step,
assuming that the position 𝑥 is given. This will complete the
proof, since the entire output is obtained by doing a first-
to-last loop ranging over all positions which have a defined
pioneer, and producing for each such position the output of
its step.
To produce the output of the step of position 𝑥 , we dis-

tinguish in this step two configurations of height ℓ : the first
midpoint is first time when pebble ℓ is placed in the leftmost
position of the step, while the second midpoint is the last
time in the step when pebble ℓ is placed in position 𝑥 . These
two configurations are depicted in the following picture:

a1 a4 a7a2 a5 a8a3 a6 a9

first midpoint second midpoint

This way, the step of 𝑥 can be split into three parts: (1) from
the beginning until the first midpoint; (2) from the first mid-
point to the second midpoint; and (3) from the second mid-
point until the end. The first two parts have strictly smaller
width, because each position of pebble ℓ is used by both
parts; therefore their outputs can be produced by induction
assumption on smaller width. The last part has only two
configurations of height ℓ , and therefore its output can be
produced by induction assumption on the height. ◻

Remark: Unlike the code for the reachability oracle, the
code of the for-transducer in Lemma 2.3 is not polynomial,
even if we use a directed acyclic graph representation of the
code in a for-transducer. In fact, the code is exponential in

the number of states, because of the induction on widths in
the proof.

3 Prime functions
So far we have two equivalent models: for-transducers and
pebble transducers. Define the polyregular functions to be the
string-to-string functions that are computed by these models.
Themodels have features such as variables/pebbles and loops,
which makes it easy to program them. In some contexts, it is
useful to have a minimal set of features, e.g. when we want
to prove that every polyregular function has some property.
In this section, we give such a minimal model.

Krohn-Rhodes forMealymachines. The inspiration for
the minimal model is the Krohn-Rhodes Theorem [25, p. 454],
which shows that each Mealy machine can be obtained
by composing certain prime Mealy machines. Recall that
a Mealy machine is defined to be a dfa without accepting
states, where every transition is labelled by exactly one out-
put letter, as in the following picture:

b / c

b / d

a / c a / c
transition that inputs a 
and outputs c

When composing Mealy machines, we mean composing the
string-to-string functions that they compute. The prime ma-
chines are defined in terms of their state transformations,
i.e. state-to-state functions that arise from input strings.
Theorem 3.1 (Krohn-Rhodes Theorem). Every Mealy ma-
chine is a composition of finitely many Mealy machines which
satisfy one of the two following conditions:● reversible: every state transformation is a permutation3;● flip-flop: there are two states and every state transfor-

mation is a constant function or the identity.

A Mealy machine that satisfies one of the two conditions
in the theorem is called prime. A typical application of the
theorem is to prove that all prime Mealy machines have
some property, and that this property is preserved under
composition; thus concluding that all Mealy machines have
this property.

Example 7. Hopcroft and Ullman [23, Theorem 5] prove
that two-way automata with output are closed under pre-
composition with Mealy machines. This means that for every
3 In Section 7.1, we will care about languages and functions that can be
defined in first-order logic, see Example 5. The Krohn-Rhodes Theorem, in
its full version, also says that reversible machines with more than one state
are not needed for Mealy machines which are first-order definable in the
following sense: for every state 𝑞, there is a first-order formula that is true
in exactly the input strings which lead to state 𝑞.

This way, the step of x can be split into three parts: (1) from
the beginning until the first midpoint; (2) from the first mid-
point to the second midpoint; and (3) from the second mid-
point until the end. The first two parts have strictly smaller
width, because each position of pebble ℓ is used by both
parts; therefore their outputs can be produced by induction
assumption on smaller width. The last part has only two
configurations of height ℓ, and therefore its output can be
produced by induction assumption on the height. □

Remark: Unlike the code for the reachability oracle, the
code of the for-transducer in Lemma 2.3 is not polynomial,
even if we use a directed acyclic graph representation of the
code in a for-transducer. In fact, the code is exponential in
the number of states, because of the induction on widths in
the proof.
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3 PRIME FUNCTIONS
So far we have two equivalent models: for-transducers and
pebble transducers. Define the polyregular functions to be the
string-to-string functions that are computed by these models.
Themodels have features such as variables/pebbles and loops,
which makes it easy to program them. In some contexts, it is
useful to have a minimal set of features, e.g. when we want
to prove that every polyregular function has some property.
In this section, we give such a minimal model.

Krohn-Rhodes for Mealy machines. The inspiration for the
minimal model is the Krohn-Rhodes Theorem [25, p. 454],
which shows that each Mealy machine can be obtained
by composing certain prime Mealy machines. Recall that
a Mealy machine is defined to be a dfa without accepting
states, where every transition is labelled by exactly one out-
put letter, as in the following picture:
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Assume by symmetry that the head in the source is the
leftmost position of the ℓ-run. Define the pioneer configu-
ration at position 𝑥 to be the first configuration of height
exactly ℓ in the ℓ-run where the head is at position 𝑥 . Here is
a picture with pioneer configurations highlighted in yellow:

a1 a4 a7a2 a5 a8a3 a6 a9

Define the step of a position 𝑥 to be the ℓ-run that begins in
the pioneer configuration at position 𝑥 and continues until
the pioneer configuration at the next position 𝑥 + 1 (or until
the end of the original ℓ-run, if 𝑥 is the rightmost position).
We show below how to produce the output of each step,
assuming that the position 𝑥 is given. This will complete the
proof, since the entire output is obtained by doing a first-
to-last loop ranging over all positions which have a defined
pioneer, and producing for each such position the output of
its step.
To produce the output of the step of position 𝑥 , we dis-

tinguish in this step two configurations of height ℓ : the first
midpoint is first time when pebble ℓ is placed in the leftmost
position of the step, while the second midpoint is the last
time in the step when pebble ℓ is placed in position 𝑥 . These
two configurations are depicted in the following picture:

a1 a4 a7a2 a5 a8a3 a6 a9

first midpoint second midpoint

This way, the step of 𝑥 can be split into three parts: (1) from
the beginning until the first midpoint; (2) from the first mid-
point to the second midpoint; and (3) from the second mid-
point until the end. The first two parts have strictly smaller
width, because each position of pebble ℓ is used by both
parts; therefore their outputs can be produced by induction
assumption on smaller width. The last part has only two
configurations of height ℓ , and therefore its output can be
produced by induction assumption on the height. ◻

Remark: Unlike the code for the reachability oracle, the
code of the for-transducer in Lemma 2.3 is not polynomial,
even if we use a directed acyclic graph representation of the
code in a for-transducer. In fact, the code is exponential in

the number of states, because of the induction on widths in
the proof.

3 Prime functions
So far we have two equivalent models: for-transducers and
pebble transducers. Define the polyregular functions to be the
string-to-string functions that are computed by these models.
Themodels have features such as variables/pebbles and loops,
which makes it easy to program them. In some contexts, it is
useful to have a minimal set of features, e.g. when we want
to prove that every polyregular function has some property.
In this section, we give such a minimal model.

Krohn-Rhodes forMealymachines. The inspiration for
the minimal model is the Krohn-Rhodes Theorem [25, p. 454],
which shows that each Mealy machine can be obtained
by composing certain prime Mealy machines. Recall that
a Mealy machine is defined to be a dfa without accepting
states, where every transition is labelled by exactly one out-
put letter, as in the following picture:

b / c

b / d

a / c a / c
transition that inputs a 
and outputs c

When composing Mealy machines, we mean composing the
string-to-string functions that they compute. The prime ma-
chines are defined in terms of their state transformations,
i.e. state-to-state functions that arise from input strings.
Theorem 3.1 (Krohn-Rhodes Theorem). Every Mealy ma-
chine is a composition of finitely many Mealy machines which
satisfy one of the two following conditions:● reversible: every state transformation is a permutation3;● flip-flop: there are two states and every state transfor-

mation is a constant function or the identity.

A Mealy machine that satisfies one of the two conditions
in the theorem is called prime. A typical application of the
theorem is to prove that all prime Mealy machines have
some property, and that this property is preserved under
composition; thus concluding that all Mealy machines have
this property.

Example 7. Hopcroft and Ullman [23, Theorem 5] prove
that two-way automata with output are closed under pre-
composition with Mealy machines. This means that for every
3 In Section 7.1, we will care about languages and functions that can be
defined in first-order logic, see Example 5. The Krohn-Rhodes Theorem, in
its full version, also says that reversible machines with more than one state
are not needed for Mealy machines which are first-order definable in the
following sense: for every state 𝑞, there is a first-order formula that is true
in exactly the input strings which lead to state 𝑞.

When composing Mealy machines, we mean composing the
string-to-string functions that they compute. The prime ma-
chines are defined in terms of their state transformations,
i.e. state-to-state functions that arise from input strings.

Theorem 3.1 (Krohn-Rhodes Theorem). Every Mealy
machine is a composition of finitely many Mealy machines
which satisfy one of the two following conditions:

• reversible: every state transformation is a permutation3;
• flip-flop: there are two states and every state transfor-
mation is a constant function or the identity.

A Mealy machine that satisfies one of the two conditions
in the theorem is called prime. A typical application of the
theorem is to prove that all prime Mealy machines have
some property, and that this property is preserved under
composition; thus concluding that all Mealy machines have
this property.

Example 7. Hopcroft and Ullman [23, Theorem 5] prove
that two-way automata with output are closed under pre-
composition with Mealy machines. This means that for every
functions

3 In Section 7.1, we will care about languages and functions that can be
defined in first-order logic, see Example 5. The Krohn-Rhodes Theorem, in
its full version, also says that reversible machines with more than one state
are not needed for Mealy machines which are first-order definable in the
following sense: for every state q, there is a first-order formula that is true
in exactly the input strings which lead to state q.
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functions

Σ∗ Γ∗ Δ∗𝑓

Mealy machine
𝑔

two-way automaton
with output

their composition 𝑓 ;𝑔 is also computed by a two-way au-
tomaton with output. The proof of Hopcroft and Ullman
uses a smart trick, which can be avoided if we use the Krohn-
Rhodes Theorem. Indeed, by the Krohn-Rhodes Theorem,
it is enough to show that two-way automata with output
are closed under pre-composition with the prime Mealy ma-
chines, in which case a straightforward construction can be
applied. ◻

Prime polyregular functions. We now present a Krohn-
Rhodes decomposition for polyregular functions. We use all
of the primes for Mealy machines, since Mealy machines are
a special case of polyregular functions. Beyond that, we add
string-to-string homomorphisms, which are used essentially
to erase letters from the input, as well as two prime functions
for reversing strings and squaring the input length.

Theorem 3.2. The polyregular functions are the least class
of string-to-string functions which is closed under composition,
and which contains the following prime functions:

1. the prime Mealy machines
2. homomorphisms, i.e. string-to-string functions satisfying

𝑓 (𝑤1𝑤2) = 𝑓 (𝑤1)𝑓 (𝑤2)
3. the squaring andmap reverse functions that were defined

in Examples 3 and 6, and are illustrated below:

𝑎𝑏𝑎𝑎𝑏 ↦ ⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
squaring

𝑎𝑏⋃︀𝑎𝑎𝑏⋃︀𝑏𝑎⋃︀𝑎𝑏𝑏𝑏 ↦ 𝑏𝑎⋃︀𝑏𝑎𝑎⋃︀𝑏𝑎⋃︀𝑏𝑏𝑏𝑎)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
map reverse

Proof
In this proof, we call a string-to-string function derivable
if it is a finite composition of the prime functions in the
theorem. The theorem says that the polyregular functions
are exactly the derivable ones. One inclusion is easy: each
of the prime functions is computed by a for-transducer, and
since for-transducers are closed under composition, it follows
that all derivable functions are compute by for-transducers,
i.e. polyregular. It remains to prove that all polyregular func-
tions are derivable.
We begin with a basic toolkit of operations that will be

useful later on.

Claim 3.3. All of the following functions are derivable:
1. Mealy machines;
2. an extension of Mealy machines, where transitions are

labelled by possibly empty strings (not just single letters);
3. the extensions of squaring and map reverse which use

any finite alphabet, instead of just two letters {𝑎,𝑏}.

Proof
Item 1, about Mealy machines, is the Krohn-Rhodes Theorem.
For item 2, about extended Mealy machines, we use homo-
morphisms: we first use a (non-extended) Mealy machine to
label each input position with the corresponding transition
of the extended Mealy machine, and then we use a homomor-
phism to replace each transition by its output string. Item 3,
about squaring and map reverse for non-binary alphabets, is
proved by encoding larger alphabets using a binary alphabet;
such encoding and decoding can be done using the extended
Mealy machines from item 2. ◻

We now show that every polyregular function is derivable.
Suppose that we have a polyregular function, given by a
for-transducer. By Lemma 4.2, we can assume that it is in
prenex normal form:
for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

We will assume that the epilogue is empty; it is not hard to
extend the construction to deal with the epilogue since it
produces a constant number of letters that depend on regular
properties of the input string. For an input string, define the
corresponding loop string to be the string which describes
all possible ways of evaluating the position variables, listed
in the order that they are visited by the nested for loops, as
illustrated in the following picture which considers the case
of 𝑘 = 2:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc c cb b bb b bb b b|| | || | || | |

Each block of the loop string describes a 
single iteration of the innermost loop. 

x1 x1 x1x1 x1 x1x1 x1 x1

In the picture above, the input is 𝑎𝑏𝑐 , the external loop for
𝑥1 is first-to-last, and internal loop for 𝑥2 is last-to-first.
Claim 3.4. A derivable function can produce the loop string.

Proof
Consider first the case when there is only one variable in
the for-transducer. If this variable has kind first-to-last, then
there is nothing to do: the loop string is almost literally the
output of the string function, except for a small recoding
that can be implemented using an extended Mealy machine
as in item 2 of Claim 3.3. If this variable has kind last-to-first,
then we use a last-to-first variant of squaring

𝑎𝑏𝑎𝑎𝑏 ↦ ⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀
which can be derived from the usual squaring by composing
reverse, squaring, and then map reverse.

their composition f ;д is also computed by a two-way au-
tomaton with output. The proof of Hopcroft and Ullman
uses a smart trick, which can be avoided if we use the Krohn-
Rhodes Theorem. Indeed, by the Krohn-Rhodes Theorem,
it is enough to show that two-way automata with output
are closed under pre-composition with the prime Mealy ma-
chines, in which case a straightforward construction can be
applied. □

Prime polyregular functions. We now present a Krohn-
Rhodes decomposition for polyregular functions. We use
all of the primes for Mealy machines, since Mealy machines
are a special case of polyregular functions. Beyond that, we
add string-to-string homomorphisms, which are used essen-
tially to erase letters from the input, as well as two prime
functions for reversing strings and squaring the input length.

Theorem 3.2. The polyregular functions are the least class
of string-to-string functions which is closed under composition,
and which contains the following prime functions:
(1) the prime Mealy machines
(2) homomorphisms, i.e. string-to-string functions satisfying

f (w1w2) = f (w1)f (w2)

(3) the squaring andmap reverse functions that were defined
in Examples 3 and 6, and are illustrated below:

abaab 7→ |abaab |abaab |abaab |abaab |abaab |︸                                                       ︷︷                                                       ︸
squaring

ab |aab |ba |abbb 7→ ba |baa |ba |bbba︸                                               ︷︷                                               ︸
map reverse

Proof
In this proof, we call a string-to-string function derivable
if it is a finite composition of the prime functions in the
theorem. The theorem says that the polyregular functions
are exactly the derivable ones. One inclusion is easy: each
of the prime functions is computed by a for-transducer, and
since for-transducers are closed under composition, it follows
that all derivable functions are compute by for-transducers,
i.e. polyregular. It remains to prove that all polyregular func-
tions are derivable.
We begin with a basic toolkit of operations that will be

useful later on.

Claim 3.3. All of the following functions are derivable:
(1) Mealy machines;
(2) an extension of Mealy machines, where transitions are

labelled by possibly empty strings (not just single letters);
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(3) the extensions of squaring and map reverse which use
any finite alphabet, instead of just two letters {a,b}.

Proof
Item 1, about Mealy machines, is the Krohn-Rhodes Theorem.
For item 2, about extended Mealy machines, we use homo-
morphisms: we first use a (non-extended) Mealy machine to
label each input position with the corresponding transition
of the extended Mealy machine, and then we use a homomor-
phism to replace each transition by its output string. Item 3,
about squaring and map reverse for non-binary alphabets, is
proved by encoding larger alphabets using a binary alphabet;
such encoding and decoding can be done using the extended
Mealy machines from item 2. □

We now show that every polyregular function is derivable.
Suppose that we have a polyregular function, given by a
for-transducer. By Lemma 4.2, we can assume that it is in
prenex normal form:

for x1 in τ1
for x2 in τ2
...

for xk in τk
body

epilogue

We will assume that the epilogue is empty; it is not hard to
extend the construction to deal with the epilogue since it
produces a constant number of letters that depend on regular
properties of the input string. For an input string, define the
corresponding loop string to be the string which describes
all possible ways of evaluating the position variables, listed
in the order that they are visited by the nested for loops, as
illustrated in the following picture which considers the case
of k = 2:
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their composition 𝑓 ;𝑔 is also computed by a two-way au-
tomaton with output. The proof of Hopcroft and Ullman
uses a smart trick, which can be avoided if we use the Krohn-
Rhodes Theorem. Indeed, by the Krohn-Rhodes Theorem,
it is enough to show that two-way automata with output
are closed under pre-composition with the prime Mealy ma-
chines, in which case a straightforward construction can be
applied. ◻
Prime polyregular functions. We now present a Krohn-

Rhodes decomposition for polyregular functions. We use all
of the primes for Mealy machines, since Mealy machines are
a special case of polyregular functions. Beyond that, we add
string-to-string homomorphisms, which are used essentially
to erase letters from the input, as well as two prime functions
for reversing strings and squaring the input length.

Theorem 3.2. The polyregular functions are the least class
of string-to-string functions which is closed under composition,
and which contains the following prime functions:

1. the prime Mealy machines
2. homomorphisms, i.e. string-to-string functions satisfying

𝑓 (𝑤1𝑤2) = 𝑓 (𝑤1)𝑓 (𝑤2)
3. the squaring andmap reverse functions that were defined

in Examples 3 and 6, and are illustrated below:
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squaring
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map reverse

Proof
In this proof, we call a string-to-string function derivable
if it is a finite composition of the prime functions in the
theorem. The theorem says that the polyregular functions
are exactly the derivable ones. One inclusion is easy: each
of the prime functions is computed by a for-transducer, and
since for-transducers are closed under composition, it follows
that all derivable functions are compute by for-transducers,
i.e. polyregular. It remains to prove that all polyregular func-
tions are derivable.
We begin with a basic toolkit of operations that will be

useful later on.

Claim 3.3. All of the following functions are derivable:
1. Mealy machines;
2. an extension of Mealy machines, where transitions are

labelled by possibly empty strings (not just single letters);
3. the extensions of squaring and map reverse which use

any finite alphabet, instead of just two letters {𝑎,𝑏}.

Proof
Item 1, about Mealy machines, is the Krohn-Rhodes Theorem.
For item 2, about extended Mealy machines, we use homo-
morphisms: we first use a (non-extended) Mealy machine to
label each input position with the corresponding transition
of the extended Mealy machine, and then we use a homomor-
phism to replace each transition by its output string. Item 3,
about squaring and map reverse for non-binary alphabets, is
proved by encoding larger alphabets using a binary alphabet;
such encoding and decoding can be done using the extended
Mealy machines from item 2. ◻

We now show that every polyregular function is derivable.
Suppose that we have a polyregular function, given by a
for-transducer. By Lemma 4.2, we can assume that it is in
prenex normal form:
for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

We will assume that the epilogue is empty; it is not hard to
extend the construction to deal with the epilogue since it
produces a constant number of letters that depend on regular
properties of the input string. For an input string, define the
corresponding loop string to be the string which describes
all possible ways of evaluating the position variables, listed
in the order that they are visited by the nested for loops, as
illustrated in the following picture which considers the case
of 𝑘 = 2:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc c cb b bb b bb b b|| | || | || | |

Each block of the loop string describes a 
single iteration of the innermost loop. 

x1 x1 x1x1 x1 x1x1 x1 x1

In the picture above, the input is 𝑎𝑏𝑐 , the external loop for
𝑥1 is first-to-last, and internal loop for 𝑥2 is last-to-first.
Claim 3.4. A derivable function can produce the loop string.

Proof
Consider first the case when there is only one variable in
the for-transducer. If this variable has kind first-to-last, then
there is nothing to do: the loop string is almost literally the
output of the string function, except for a small recoding
that can be implemented using an extended Mealy machine
as in item 2 of Claim 3.3. If this variable has kind last-to-first,
then we use a last-to-first variant of squaring

𝑎𝑏𝑎𝑎𝑏 ↦ ⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀𝑎𝑏𝑎𝑎𝑏⋃︀
which can be derived from the usual squaring by composing
reverse, squaring, and then map reverse.

In the picture above, the input is abc , the external loop for
x1 is first-to-last, and internal loop for x2 is last-to-first.

Claim 3.4. A derivable function can produce the loop string.

Proof
Consider first the case when there is only one variable in
the for-transducer. If this variable has kind first-to-last, then
there is nothing to do: the loop string is almost literally the
output of the string function, except for a small recoding
that can be implemented using an extended Mealy machine
as in item 2 of Claim 3.3. If this variable has kind last-to-first,

then we use a last-to-first variant of squaring
abaab 7→ |abaab |abaab |abaab |abaab |abaab |

which can be derived from the usual squaring by composing
reverse, squaring, and then map reverse.
Consider now the case when there are are at least two

variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say x1 is first-to-last and
x2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. □
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. □

4 FUNCTIONAL PROGRAMS
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
λ-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
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with the second part nonempty, as explained in the following
example:
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

where left and right are the two co-projections

Transducers of polynomial growth Conference’17, July 2017, Washington, DC, USA

Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

For readability, we ignored the separator symbols | in the
above code; these can be recoveredwith aminormodification.
□

Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say [1, 2, 3], we apply the split function, yielding a
list of pairs of lists like this:
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to
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Consider now the case when there are are at least two
variables. We only show the construction for two variables,
but the case of more variables is done in the same way. Sup-
pose that there are two variables, say 𝑥1 is first-to-last and
𝑥2 is last-to-first. If we apply squaring twice (with the sec-
ond squaring having last-to-first type), then we get a result
that is almost the loop string, except that there are some
superfluous letters as in the following picture:

x2 x2 x2x2 x2 x2x2 x2 x2a a aa a aa a ac c cc c cc cb b bb b bb b ...|| | || | || | | || |
x1 x1 x1

superfluous letters

To get rid of the superfluous letters, we use an extended
Mealy machine. In fact – we need two passes, a first-to-last
pass whichmarks the superfluous blocks (those that have just
one variable), followed by a last-to-first pass which removes
the superfluous blocks. The reason why we need to passes
is that in order to mark a block as superfluous, we need to
read it, and place a mark at the end of it; the second last-to-
first pass deletes the blocks with the marks. Extended Mealy
machines that process their input in last-to-first order can
be obtained using reversing and the usual extended Mealy
machines. ◻
Once we are given the loop string, the output of the for-

transducer can be produced by an extended Mealy machine.
This machine processes the loop string from left to right,
using its state to store the values of the Boolean variables in
the for-transducer, and produces the appropriate output at
the end of each block of the loop string. ◻
4 Functional programs
In this section, we present a description of the polyregular
functions which uses functional programming. We begin
with some examples in Haskell syntax, but a more formal
description later in this section will use the simply typed
_-calculus.

Example 8. In Example 1, we already saw one example
of a Haskell program, which implemented a version of the
squaring function from Theorem 3.2, except that it did not
have the underlines that indicate loop positions. To get these
underlines, we will use another atomic function, apart from
map and concat, which is called split. The split function
maps a list to all possible decompositions into two parts,
with the second part nonempty, as explained in the following
example:

(︀1, 2, 3⌋︀↧(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.

Using the split function, the squaring function from Exam-
ple 3 is computed as follows:

\x -> concat (map (\(a,b) ->

concat [map left a, map right b]) (split x))

where left and right are the two co-projections

left, right ∶ {𝑎,𝑏}→ {𝑎,𝑏}⧹︀
underlined

+ {𝑎,𝑏}⧹︀
not

underlined

.

For readability, we ignored the separator symbols ⋃︀ in the
above code; these can be recovered with a minor modifica-
tion. ◻
Example 9. Another operation that can be implemented
using split from the previous example is list reverse. To the
input list, say (︀1, 2, 3⌋︀, we apply the split function, yielding a
list of pairs of lists like this:

(︀((︀1, 2⌋︀, (︀3⌋︀), ((︀1⌋︀, (︀2, 3⌋︀), ((︀⌋︀, (︀1, 2, 3⌋︀)⌋︀.
Next, we use map to project each pair of lists to its second
coordinate, yielding a list of lists like this:

(︀(︀3⌋︀, (︀2, 3⌋︀, (︀1, 2, 3⌋︀⌋︀.
The general idea, is that we now want to apply the head
function to each list. However, in our programming language
we will only have total functions, and therefore we will use
the following list version of the head operation, which uses
the empty list to simulate an error value:

\x -> if null x then [] else [head x].

Applying this function, call it listhead, to the list of lists,
and then concatenating all results, we get the list reverse.
Putting all of this into a single line of code, the reverse func-
tion is equal to

\x -> concat (map (\(a,b)-> listhead b) (split x)).

◻
4.1 Polyregular _-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed _-calculus,
which will be called the polyregular _-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular _-
terms are the only kind of _-terms that are considered in this
paper, we will simply say _-term when meaning polyregular
_-terms.

□

4.1 Polyregular λ-terms
We now give a formal description of the functional program-
ming language that was illustrated in the above examples.
This description uses a variant of the simply typed λ-calculus,
which will be called the polyregular λ-terms. It is important
that the system does not have any iteration or recursion
mechanisms, such as the Y-combinator. Since polyregular λ-
terms are the only kind of λ-terms that are considered in this

paper, we will simply say λ-term when meaning polyregular
λ-terms.

Types. We begin by describing the types of λ-terms. The
atomic type is called 1, and it represents a set that has only
one element. More complicated types are generated using
the following type constructors:
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Figure 1. Atomic functions. For all types 𝜏, 𝜎, 𝜌 and for
all finite groups𝐺 , we have the atomic functions described
above. The last function works as follows: for every finite
type (i.e. every type defined using only 1 and +) and every
multiplication operation on it that defines a group, we have
a function for the group multiplication; with multiplication
viewed as a function from lists of group elements to group
elements.

Types. We begin by describing the types of _-terms. The
atomic type is called 1, and it represents a set that has only
one element. More complicated types are generated using
the following type constructors:

𝜏 × 𝜎⧸︀
product

𝜏 × 𝜎⧸︀
co-product, i.e.
disjoint union

𝜏∗⟩︀
lists

𝜏 → 𝜎⧹︀
functions

This type system covers all finite sets, which are viewed as
co-products of several copies of 1, e.g. a two element set is
viewed as the type 1 + 1.

The _-terms. We use _-terms in Church style, i.e. each _-
term comes together with a type; this also covers the case of
variables. The type is written using coloured superscripts as
in𝑀𝜏 . The _-terms are constructed as follows by induction.
In the induction base, we use variables, with every variable
coming together with a type. Apart from variables, the other
kind of atomic _-term is any of the atomic functions de-
scribed in Figure 1. From the atomic _-terms, further ones
are constructed using the following term constructors:
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lists

11⟩︀
unique

element of
type 1

This completes the description of the syntax of the pro-
gramming language, i.e. the definition of the set of _-terms.
We consider two _-terms to be equal if one can be obtained
from the other by renaming bound variables, i.e. _-terms are
identified modulo 𝛼-conversion.

The semantics of polyregular _-terms is defined using re-
duction rules, which are presented in Figure 2. A polyregular
_-term is said to be in normal form if no further reductions
can be applied to it. Because our calculus is a variant of the
simply typed _-calculus, every polyregular _-term reduces
in a finite number of steps to some polyregular _-term in
normal form, and the normal form is unique in the sense
that it does not depend on the order in which the reductions
were applied.

4.2 Equivalence to polyregular functions
The purpose of polyregular _-terms is to compute polyregu-
lar string-to-string functions. What does this mean exactly?
As mentioned before, every finite set Σ can be viewed as a
type, and therefore also the set of strings Σ∗ can be viewed
as a type. A single string𝑤 ∈ Σ∗ can be viewed as a _-term,
which is a list of letters. Consider a _-term without free vari-
ables, of type Σ∗ → Γ∗. The string-to-string function that it
computes is defined to be the function that maps a string
𝑤 ∈ Σ∗ to the string that is obtained by taking the application
𝑀𝑤 and then computing the normal form. The following the-
orem shows that the polyregular _-terms of string-to-string
type define exactly the polyregular functions.

Theorem 4.1. A string-to-string function is polyregular if
and only if it is computed by a polyregular _-term.

Proof
When going from polyregular functions to _-terms, we use
the definition of polyregular functions in terms of composi-
tions of primes from Theorem 3.2. For the other direction,
we use for-transducers.

From prime functions to _-terms. Since functions com-
puted by _-terms are clearly closed under composition, and
since all polyregular functions can be decomposed into polyreg-
ular primes by Theorem 3.2, it is enough to show that the
polyregular primes can be computed by _-terms.● Homomorphisms. A homomorphism is implemented

by first replacing each input letter by a corresponding
list using map, and then using concat to flatten the
resulting list of lists.● Squaring. This function is implemented in Example 8.● Map reverse. We begin by reversing lists without sepa-
rators. This function was implemented in Example 9;
the only missing part is that we need to implement
the listhead function used in Example 9 in terms of
our atomic headtail, which is done as follows:

_𝑥 .cases (_𝑦.(︀⌋︀) (_𝑦.(︀fst 𝑦⌋︀) (headtail 𝑥).

This type system covers all finite sets, which are viewed as
co-products of several copies of 1, e.g. a two element set is
viewed as the type 1 + 1.

The λ-terms. We use λ-terms in Church style, i.e. each λ-
term comes together with a type; this also covers the case of
variables. The type is written using coloured superscripts as
inMτ . The λ-terms are constructed as follows by induction.
In the induction base, we use variables, with every variable
coming together with a type. Apart from variables, the other
kind of atomic λ-term is any of the atomic functions de-
scribed in Figure 1. From the atomic λ-terms, further ones
are constructed using the following term constructors:
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Figure 1. Atomic functions. For all types 𝜏, 𝜎, 𝜌 and for
all finite groups𝐺 , we have the atomic functions described
above. The last function works as follows: for every finite
type (i.e. every type defined using only 1 and +) and every
multiplication operation on it that defines a group, we have
a function for the group multiplication; with multiplication
viewed as a function from lists of group elements to group
elements.

Types. We begin by describing the types of _-terms. The
atomic type is called 1, and it represents a set that has only
one element. More complicated types are generated using
the following type constructors:

𝜏 × 𝜎⧸︀
product

𝜏 × 𝜎⧸︀
co-product, i.e.
disjoint union

𝜏∗⟩︀
lists

𝜏 → 𝜎⧹︀
functions

This type system covers all finite sets, which are viewed as
co-products of several copies of 1, e.g. a two element set is
viewed as the type 1 + 1.

The _-terms. We use _-terms in Church style, i.e. each _-
term comes together with a type; this also covers the case of
variables. The type is written using coloured superscripts as
in𝑀𝜏 . The _-terms are constructed as follows by induction.
In the induction base, we use variables, with every variable
coming together with a type. Apart from variables, the other
kind of atomic _-term is any of the atomic functions de-
scribed in Figure 1. From the atomic _-terms, further ones
are constructed using the following term constructors:
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lists

11⟩︀
unique

element of
type 1

This completes the description of the syntax of the pro-
gramming language, i.e. the definition of the set of _-terms.
We consider two _-terms to be equal if one can be obtained
from the other by renaming bound variables, i.e. _-terms are
identified modulo 𝛼-conversion.

The semantics of polyregular _-terms is defined using re-
duction rules, which are presented in Figure 2. A polyregular
_-term is said to be in normal form if no further reductions
can be applied to it. Because our calculus is a variant of the
simply typed _-calculus, every polyregular _-term reduces
in a finite number of steps to some polyregular _-term in
normal form, and the normal form is unique in the sense
that it does not depend on the order in which the reductions
were applied.

4.2 Equivalence to polyregular functions
The purpose of polyregular _-terms is to compute polyregu-
lar string-to-string functions. What does this mean exactly?
As mentioned before, every finite set Σ can be viewed as a
type, and therefore also the set of strings Σ∗ can be viewed
as a type. A single string𝑤 ∈ Σ∗ can be viewed as a _-term,
which is a list of letters. Consider a _-term without free vari-
ables, of type Σ∗ → Γ∗. The string-to-string function that it
computes is defined to be the function that maps a string
𝑤 ∈ Σ∗ to the string that is obtained by taking the application
𝑀𝑤 and then computing the normal form. The following the-
orem shows that the polyregular _-terms of string-to-string
type define exactly the polyregular functions.

Theorem 4.1. A string-to-string function is polyregular if
and only if it is computed by a polyregular _-term.

Proof
When going from polyregular functions to _-terms, we use
the definition of polyregular functions in terms of composi-
tions of primes from Theorem 3.2. For the other direction,
we use for-transducers.

From prime functions to _-terms. Since functions com-
puted by _-terms are clearly closed under composition, and
since all polyregular functions can be decomposed into polyreg-
ular primes by Theorem 3.2, it is enough to show that the
polyregular primes can be computed by _-terms.● Homomorphisms. A homomorphism is implemented

by first replacing each input letter by a corresponding
list using map, and then using concat to flatten the
resulting list of lists.● Squaring. This function is implemented in Example 8.● Map reverse. We begin by reversing lists without sepa-
rators. This function was implemented in Example 9;
the only missing part is that we need to implement
the listhead function used in Example 9 in terms of
our atomic headtail, which is done as follows:

_𝑥 .cases (_𝑦.(︀⌋︀) (_𝑦.(︀fst 𝑦⌋︀) (headtail 𝑥).
This completes the description of the syntax of the pro-

gramming language, i.e. the definition of the set of λ-terms.
We consider two λ-terms to be equal if one can be obtained
from the other by renaming bound variables, i.e. λ-terms are
identified modulo α-conversion.

The semantics of polyregular λ-terms is defined using re-
duction rules, which are presented in Figure 2. A polyregular
λ-term is said to be in normal form if no further reductions
can be applied to it. Because our calculus is a variant of the
simply typed λ-calculus, every polyregular λ-term reduces
in a finite number of steps to some polyregular λ-term in
normal form, and the normal form is unique in the sense
that it does not depend on the order in which the reductions
were applied.

4.2 Equivalence to polyregular functions
The purpose of polyregular λ-terms is to compute polyregu-
lar string-to-string functions. What does this mean exactly?
As mentioned before, every finite set Σ can be viewed as a
type, and therefore also the set of strings Σ∗ can be viewed
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firstτ×σ→τ

secondτ×σ→σ

cases(τ→ρ)→(σ→ρ)→(τ+σ )→ρ

headtailτ
∗→1+τ×τ ∗

concatτ
∗∗→τ ∗

map(τ→σ )→τ ∗→σ ∗

splitτ
∗→(τ ∗×τ ∗)∗

multG
∗→G

G

Figure 1: Atomic functions. For all types τ ,σ , ρ and for
all finite groups G, we have the atomic functions de-
scribed above. The last function works as follows: for
every finite type (i.e. every type defined using only 1
and +) and every multiplication operation on it that
defines a group, we have a function for the groupmul-
tiplication; with multiplication viewed as a function
from lists of group elements to group elements.

as a type. A single stringw ∈ Σ∗ can be viewed as a λ-term,
which is a list of letters. Consider a λ-term without free vari-
ables, of type Σ∗ → Γ∗. The string-to-string function that
it computes is defined to be the function that maps a string
w ∈ Σ∗ to the string that is obtained by taking the application
Mw and then computing the normal form. The following the-
orem shows that the polyregular λ-terms of string-to-string
type define exactly the polyregular functions.

Theorem 4.1. A string-to-string function is polyregular if
and only if it is computed by a polyregular λ-term.

Proof
When going from polyregular functions to λ-terms, we use
the definition of polyregular functions in terms of composi-
tions of primes from Theorem 3.2. For the other direction,
we use for-transducers.

From prime functions to λ-terms. Since functions computed
by λ-terms are clearly closed under composition, and since
all polyregular functions can be decomposed into polyreg-
ular primes by Theorem 3.2, it is enough to show that the
polyregular primes can be computed by λ-terms.

• Homomorphisms. A homomorphism is implemented
by first replacing each input letter by a corresponding
list using map, and then using concat to flatten the
resulting list of lists.

• Squaring. This function is implemented in Example 8.
• Map reverse. We begin by reversing lists without sepa-
rators. This function was implemented in Example 9;

the only missing part is that we need to implement the
listhead function used in Example 9 in terms of our
atomic headtail, which is done as follows:

λx .cases (λy.[]) (λy.[fst y]) (headtail x).

Wenow turn tomap reverse, where the input is a string
of strings, represented as a string using the separator
symbol |. We need to process this representation, by
using each occurrence of the separator to split the list,
as in the following function:

[a,b, |,a,a,b, |, |,a] 7→ [[a,b], [|], [a,a,b], [|, |], [a]].

The implementation of this function is left to the reader;
the idea is to apply split twice to the input list so that
we can inspect all of its infixes.

• Prime Mealy machines. Consider a function

f : Σ∗ → Γ∗

that is computed by a primeMealy machine with states
Q . We begin with a λ-term that computes the last state
function of the machine, i.e. the function which maps
an input string to the state of the Mealy machine after
reading it.
If the prime Mealy machine is reversible, then the last
state function can easily be derived using multiplica-
tion in the group of reversible state transformations,
which is one of the atomic λ-terms. Let us now derive
the last state function for a prime Mealy machine of
flip-flop kind, which means that for each input letter
the corresponding state transformation is constant or
the identity. Let us represent the identity state trans-
formation as the empty list [], and a constant state
transformation as a one element list [q] where q is the
constant state. Under this representation, to compose
a list of state transformations, we simply need to con-
catenate this list, reverse it, and then take the head. All
of these operations can be implemented using λ-terms,
thus computing the last state function.
Once we have the last state function, the output of the
Mealy machine is produced as follows. Using split, we
compute a function of type

Σ∗ → (Σ∗ × Σ)∗

which decorates each input position with the prefix
that leads up to – but not including – that position.
Next, using map and the last state function, we can
replace each such prefix by its corresponding state,
thus yielding a list of type (Q × Σ)∗. Finally, each pair
Q×Σ is replaced by the corresponding output letter, by
consulting the output function of the Mealy machine.
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(λx .M) N → M[x := N ] assuming x is not free in N

fst (M,N ) → M

snd (M,N ) → N

casesM N (Left K) → M K

casesM N (Right K) → N K

headtail [] → Left 1
headtail [M1, . . . ,Mn] → Right (M1, [M2, . . . ,Mn]) assuming n ≥ 1

concat[[M1, . . . ,Mn1 ], [Mn1+1, . . . ,Mn2 ], . . . , [Mnℓ−1+1, . . . ,Mnℓ ]] → [M1, . . . ,Mnℓ ]

mapM [N1, . . . ,Nn] → [M N1, . . . ,M Nn]

split [M1, . . . ,Mn] → [([M1, . . . ,Mn−1], [Mn]), . . . , ([], [M1, . . . ,Mn])]

Figure 2: Reduction rules. (For readability, we omit the Church style type superscripts.)

From λ-terms to for-transducers. We nowmove to the more
interesting direction in the theorem: from λ-terms to polyreg-
ular functions. As our representation of polyregular func-
tions, we use for-transducers.

We will show that a for-transducer can compute the nor-
mal form of a λ-term, assuming certain bounds on the re-
sources used by this term. To compute the normal form of a
λ-term, we use a certain reduction strategy. The idea is that
the reduction strategy is parallel, i.e. if the λ-term is a list,
then the λ-terms in the list will be reduced independently in
a single reduction step. This way it will be possible to get to
the normal form in a constant number of steps, even for lists
of unbounded length.
We now explain our approach more precisely. Define a

redex in a λ-term to be a subterm to which a reduction rule
can be applied. For example, the following λ-term (without
type annotation for brevity) has four redexes:

outer redex︷                                                                   ︸︸                                                                   ︷
split [concat [[1, 1], []]︸                ︷︷                ︸

inner redex 1

, map (λx .x) [1, 1]︸              ︷︷              ︸
inner redex 2

, fst([], 1)︸    ︷︷    ︸
inner redex 3

] .

Reducing a redex can create new redexes, e.g. reducing in-
ner redex 2 in the above example will create two terms of
the form (λx .x) 1, which are themselves redexes. Define a
reduction strategy to be a function which inputs a λ-term and
returns a set of redexes in the λ-term. The set might contain
more than one redex, but its redexes must be independent in
the sense that the corresponding sub-terms do not overlap.
An example of a parallel reduction strategy is to return all
innermost redexes, i.e. redexes in which the corresponding
sub-terms do not have any smaller redexes. For a λ-term,
define the result of applying one step of a reduction strategy
to be the term that is obtained by reducing, in parallel, every
redex that is returned by the reduction strategy. We will be

interested in applying a constant number of steps in order
to achieve normal form.

To achieve normal form in a constant number of steps, we
will assume certain resource bounds on the λ-term. Let us
begin by naming these resources:

• Types. Define the types used by a λ-term to be the
types that appear in the λ-term and its sub-terms.

• Variables. Define the variables used by a λ-term to be
all variables – free or bound – that appear in it.

• Height.Define the height of a λ-term to be the maximal
length of a root-to-leaf path in its syntax tree.

Note that λ-terms of bounded height can have unbounded
size; this is thanks to the list constructor which allows the
syntax tree to have unbounded branching. If we fix a finite
set of allowed variables and types, then a λ-term can be rep-
resented as a string over a finite alphabet, since there are
finitely many atomic terms and term constructors. When
talking about for-transducers which apply reduction strate-
gies, we assume that the input and output are given in such
a string representation.
We now state the main result about computing normal

forms using for-transducers.

Lemma 4.2. There is a reduction strategy, such that for every
resource bounds

X︸︷︷︸
set of variables

Θ︸︷︷︸
set of types

k︸︷︷︸
bound on height

the following conditions hold:

(1) There is a for-transducer which inputs a λ-term subject
to the resource bounds, and outputs the result of applying
one step of the reduction strategy. Both the input and
output are represented as strings.



Transducers of polynomial growth LICS ’22, August 2–5, 2022, Haifa, Israel

(2) There is a bound ℓ ∈ {0, 1, . . .} such that for every
λ-term subject to the resource bounds, applying the re-
duction strategy ℓ times leads to a λ-term in normal
form.

Proof (Sketch)
The first item holds for every reduction strategy that can
be defined by a for-transducer in the following sense: there
is a for-transducer which inputs a λ-term and an infix (rep-
resented by its first and last positions), and answers if this
infix is one of the redexes selected by the reduction strategy.
If the reduction strategy is definable in this sense, then a
for-transducer implementing one step can be easily written,
by replacing each selected redex with its reduction using a
straightforward analysis of the reduction rules in Figure 2.
For the second item, we need a reduction strategy that

is defined by a for-transducer (as required in the first item),
and which normalizes in a constant number of steps. This is
done by taking any reasonable reduction strategy, say from a
proof of weak normalization in the simply typed λ-calculus,
and then following what happens when lists of terms are
reduced in parallel. See [5] for details. □

By the above lemma, and by closure of for-transducers
under composing functions, it follows that for every resource
bounds as in the lemma, there is a for-transducer which in-
puts a λ-term subject to the resource bounds, and outputs its
normal form.We use this transducer to compute the function

w 7→ normal form ofMw,

whereM is a fixed λ-term defining a string-to-string function,
andw is the input string, thus proving that for-transducers
can simulate functions computed by λ-terms. □

Remark: Converting a λ-term into normal form can incur
a non-elementary blowup. However, a corollary of the proof
of the above theorem is that if a λ-termM of string-to-string
type is fixed, and we apply it to some string w (viewed as
λ-term in normal form), then the size of the output string
is polynomial in w . The degree of this polynomial and its
coefficients do depend on M , and this dependence is non-
elementary, but they are constant onceM is fixed.

5 A LOGICAL MODEL
We now present the last model for polyregular functions,
which is based on monadic second-order logic mso. This
models extends to polyregular functions the correspondence
of regular languages withmso that was originally established
by Büchi, Elgot and Trakhtenbrot, see [35] for an introduc-
tion to this topic. The starting point for this model is two
kinds of logically defined transformations that input and
output structures such as strings, trees or graphs:

First-order interpretations. [22, Section 5.3] Elements
of the output structure are k-tuples of elements in the
input structure, of some fixed dimensionk ∈ {1, 2, . . .},
and the relations of the output structure are defined
using first-order logic in the input structure.

mso transductions. [13, Section 7.1.1] Like first-order
interpretations, except that instead of first-order logic
we are allowed to use monadic second-order logic mso,
at the price of restricting the dimension to k = 1.

The logical model for polyregular functions is the common
generalization of both kinds of transformations above, which
we call mso interpretations: we allow both mso and arbi-
trary dimension. At first glance, this may seem to be an
unusual model. Almost by design, first-order interpretations
are closed under composition [22, p. 218], and the same
is true for mso transductions [13, Theorem 7.14]. In both
cases, the formulas in the composed function are obtained
by substituting formulas in other formulas. In the case of
mso transductions, it is important that elements of the output
model are single elements of the input model, i.e. the dimen-
sion is k = 1. The reason is that if we allowed dimension
k > 1, then the natural way of composing two mso trans-
formations would require quantifying over sets of k-tuples.
For this reason, mso interpretations of dimension k > 1 are
mainly ignored in the literature; see Example 10 below for
an illustration of what can go wrong. As it turns out, how-
ever, mso interpretations do make sense for string-to-string
transformations, and closure under composition does hold;
although the construction is much more complicated than a
simple substitution of formulas.

5.1 Formal definition of mso
interpretations.

We begin with a formal definition of the mso interpretations.
We assume that the reader is familiar with the basic notions
of model theory. We use the following terminology. A vocab-
ulary is defined to be a set of relation names, each one with
an associated arity in {1, 2, . . .}. We do not use functions
or constants; although this is not essential. A structure over
a given vocabulary consists of a set, called the universe of
the structure, together with an interpretation which maps
each relation name in the vocabulary to a relation on the
universe of matching arity. To define properties of structures
over a fixed vocabulary, we use monadic second-order logic
mso, see [35, Section 2.3], and we assume that the reader is
familiar with this logic.

Definition of mso interpretations. An mso interpretation
consists of the following ingredients:
(1) Two vocabularies, called the input vocabulary and out-

put vocabulary.
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(2) A finite set I of components. Each component i ∈ I
has an associated dimension ki ∈ {0, 1, . . .}, and an
associated mso formula which is called the universe
formula of component i . This formula is over the input
vocabulary, and it has ki free variables of element type
and no free variables of set type. If the input struc-
ture has universe A, then the universe of the output
structure is the disjoint union∐
i ∈I

{ā ∈ Aki | ā satisfies the universe formula of i}.

We use the following notation: an element of the above
disjoint union is denoted as i(ā), where i is a compo-
nent and ā is the tuple of input elements of suitable
dimension.

(3) For each relation name R in the output vocabulary,
say of arity n, and every components i1, . . . , in ∈ I ,
there is a relation formula, which is an mso formula
over the input vocabulary whose number of free vari-
ables (as in the universe formula, all free variables have
element type) is the sum of dimensions of the compo-
nents i1, . . . , in . These formulas are used to define the
relation R in the output structure: the output structure
satisfies

R(i1(ā1), . . . , in(ān))

if and only if the corresponding relation formula se-
lects the tuple ā1 · · · ān in the input structure.

A simplified version of the above definition would only
allow one component; having several components is a fea-
ture of minor importance which is useful in edge cases such
as input structures with zero or one element in the universe.
First-order interpretations are the special case of the above
definition when there is a single component and all formu-
las use first-order logic. mso transductions are the special
case when all components have dimension one. In the above
definition, we allow components of dimension zero; such
components can be used to create output elements even if
the input structure has an empty universe, which is allowed.

The string-to-string case. In the definition above, we can
apply an mso interpretation to any kind of logical structure,
e.g. a graph or tree. However, we will only be interested in
the case where the structures represent strings. We use the
standard approach of modelling strings as structures, as in
Example 1 from the introduction; see also [35, Section 2.1]
for more context. In this approach, a string is viewed as a
logical structure, which has unary relations for the labels
and a binary relation for the linear order on positions. An
alternative would be to eliminate the order, and have a bi-
nary successor relation. The difference between these two
alternatives is unimportant when defining languages in mso,
because order and successor can be defined in terms of each

other using mso. However, the difference becomes crucial
when defining functions with string outputs, as explained in
the following example. The rough idea is that it is harder to
define a linear order on tuples than it is to define a successor
relation. The harder variant turns out to be the right choice.

Example 10. We already saw one example of a string-to-
string mso interpretation in Example 1, using the represen-
tation of strings that has a linear order. In this example, we
explain how problems arise if we use the logical represen-
tation of strings where successor is used instead of order.
The issue is that in the input string, we can define the order
from the successor and vice versa, but this is no longer true
in the output string. As we will see below, there is a way
of ordering pairs of positions such that the corresponding
successor relation is definable in mso, but the order itself is
not. If we use this ordering as the output string, then the
output string will be definable in terms of successor, but not
in terms of order.

Define the diagonal ordering on {1, . . . ,n}2 to be the total
ordering that is described in the following picture for n = 6
Conference’17, July 2017, Washington, DC, USA Mikołaj Bojańczyk

The successor relation of the diagonal ordering can be de-
fined by an mso formula

𝜑(𝑥1,𝑦1, 𝑥2,𝑦2).
This is because the successor of (𝑥1,𝑦1) is obtained by adding
some offset in {−1, 0, 1}2, such that the offset depends only
on the parities of 𝑥1 and 𝑦1 and whether or not they are the
first/last positions. On the other hand, the diagonal ordering
itself cannot be defined in mso. Indeed, one can show that if
we could define the diagonal ordering in mso, then we could
also define the relation

𝑦1 − 𝑥1 = 𝑦2 − 𝑥2,

which cannot be done in mso (because it would allow to
define an addition operation on positions). The opposite im-
plication is always true: if we can define an ordering on tuples
in mso, then we can also define in mso the corresponding
successor relation.

We have just shown that there are strictly more string-to-
string functions that can be defined by mso interpretations,
if we decide to model strings as structures with successor
instead of order. But maybe this is good? It is not: the larger
class is not closed under composition, even with string-to-
Boolean functions, which can be proved using the diagonal
ordering. Also, many decision problems about the larger
class are undecidable, such as the problem described in Corol-
lary 1.5. ◻
Motivated by Example 10, when talking about string-to-

string functions that are mso interpretations, we use the
representation of strings as total orders, i.e. a string is repre-
sented as a (finite) total order with unary predicates for the
labels.

5.2 Equivalence with polyregular functions
We now state the main result about mso interpretations,
which is that in the string-to-string case, they describe ex-
actly the polyregular functions. In particular, they are closed
under composition, because polyregular functions are closed
under composition. There is no known direct proof of closure
under composition which does not pass through equivalence
with other models.

Theorem 5.1. [9, Theorem 7] The string-to-string functions
defined by mso interpretations (with strings viewed as ordered
structures) are exactly the polyregular ones.

The translation frommso interpretations to for-transducers
is highly non-trivial, and we do not attempt a proof sketch
here.We only discuss the easy direction, from for-transducers
to mso interpretations.
Proof (Easy direction only)
We give two proofs. Each proof has an advantage: the first
proof inputs a pebble transducer and outputs an mso in-
terpretation of matching dimension, and the second proof
inputs a for-transducer and outputs an mso interpretation
with a special property, namely that the order on tuples is
lexicographic.

First proof. In the first proof, we assume that the polyreg-
ular function is given as a 𝑘-pebble transducer.

Lemma 5.2. For every states 𝑝,𝑞 of the pebble transducer and
every stack heights ℓ,𝑚 ∈ {0, 1, . . . , 𝑘} there is an mso formula

𝜑(𝑥1, . . . , 𝑥ℓ ,𝑦1, . . . ,𝑦𝑚)
which holds of and only if the pebble transducer has a run
that begins in the configuration with state 𝑝 with pebble stack
𝑥1, . . . , 𝑥ℓ , and ends in the configuration with state 𝑞 with peb-
ble stack 𝑦1, . . . ,𝑦𝑚 .

Proof
Thanks to the reachability oracle from Lemma 2.2, and the
equivalence of for-transducers with regular languages from
Theorem 1.1, we have such a formula for the special case
which describes ℓ-runs, i.e. runs where the source and target
configurations have the same height ℓ =𝑚, and pebble ℓ is
never popped. Every other run can be decomposed into a
constant number of such runs:

𝜌 = 𝜌1⟩︀
ℓ1-run

⋯ 𝜌𝑛⟩︀
ℓ𝑛-run

with 𝑛 ≤ 2𝑘

by looking at the first/last configurations which reach a given
stack height. The configurations that connect these runs can
be quantified by the formula. ◻
Using the above lemma, we define an mso interpretation

as follows. Its components are pairs of the form (state, stack
height), with the dimension of a component being its stack
height. The idea is that an element from component (𝑞, ℓ)
describes a configuration with state 𝑞 and stack height ℓ . The
universe formulas select configurations that are reachable
from the initial configuration and produce an output letter,
while the order formula tells us which configuration appears
first in the computation; all of this can be done in mso thanks
to Lemma 5.2. This completes the first proof. A corollary of
this proof is that if a string-to-string function is computed
by a 𝑘-pebble transducer, then it is an mso interpretation of
dimension 𝑘 .

The successor relation of the diagonal ordering can be de-
fined by an mso formula

φ(x1,y1,x2,y2).

This is because the successor of (x1,y1) is obtained by adding
some offset in {−1, 0, 1}2, such that the offset depends only
on the parities of x1 and y1 and whether or not they are the
first/last positions. On the other hand, the diagonal ordering
itself cannot be defined in mso. Indeed, one can show that if
we could define the diagonal ordering in mso, then we could
also define the relation

y1 − x1 = y2 − x2,

which cannot be done in mso (because it would allow to
define an addition operation on positions). The opposite im-
plication is always true: if we can define an ordering on tuples
in mso, then we can also define in mso the corresponding
successor relation.

We have just shown that there are strictly more string-to-
string functions that can be defined by mso interpretations,
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if we decide to model strings as structures with successor
instead of order. But maybe this is good? It is not: the larger
class is not closed under composition, even with string-to-
Boolean functions, which can be proved using the diagonal
ordering. Also, many decision problems about the larger
class are undecidable, such as the problem described in Corol-
lary 1.5. □
Motivated by Example 10, when talking about string-to-

string functions that are mso interpretations, we use the
representation of strings as total orders, i.e. a string is repre-
sented as a (finite) total order with unary predicates for the
labels.

5.2 Equivalence with polyregular
functions

We now state the main result about mso interpretations,
which is that in the string-to-string case, they describe ex-
actly the polyregular functions. In particular, they are closed
under composition, because polyregular functions are closed
under composition. There is no known direct proof of closure
under composition which does not pass through equivalence
with other models.

Theorem 5.1. [9, Theorem 7] The string-to-string functions
defined by mso interpretations (with strings viewed as ordered
structures) are exactly the polyregular ones.

The translation frommso interpretations to for-transducers
is highly non-trivial, and we do not attempt a proof sketch
here.We only discuss the easy direction, from for-transducers
to mso interpretations.
Proof (Easy direction only)
We give two proofs. Each proof has an advantage: the first
proof inputs a pebble transducer and outputs an mso in-
terpretation of matching dimension, and the second proof
inputs a for-transducer and outputs an mso interpretation
with a special property, namely that the order on tuples is
lexicographic.

First proof. In the first proof, we assume that the polyreg-
ular function is given as a k-pebble transducer.

Lemma 5.2. For every states p,q of the pebble transducer
and every stack heights ℓ,m ∈ {0, 1, . . . ,k} there is an mso
formula

φ(x1, . . . ,xℓ,y1, . . . ,ym)

which holds of and only if the pebble transducer has a run
that begins in the configuration with state p with pebble stack
x1, . . . ,xℓ , and ends in the configuration with state q with
pebble stack y1, . . . ,ym .

Proof
Thanks to the reachability oracle from Lemma 2.2, and the

equivalence of for-transducers with regular languages from
Theorem 1.1, we have such a formula for the special case
which describes ℓ-runs, i.e. runs where the source and target
configurations have the same height ℓ =m, and pebble ℓ is
never popped. Every other run can be decomposed into a
constant number of such runs:

ρ = ρ1︸︷︷︸
ℓ1-run

· · · ρn︸︷︷︸
ℓn -run

with n ≤ 2k

by looking at the first/last configurations which reach a given
stack height. The configurations that connect these runs can
be quantified by the formula. □

Using the above lemma, we define an mso interpretation
as follows. Its components are pairs of the form (state, stack
height), with the dimension of a component being its stack
height. The idea is that an element from component (q, ℓ)
describes a configuration with state q and stack height ℓ. The
universe formulas select configurations that are reachable
from the initial configuration and produce an output letter,
while the order formula tells us which configuration appears
first in the computation; all of this can be done in mso thanks
to Lemma 5.2. This completes the first proof. A corollary of
this proof is that if a string-to-string function is computed
by a k-pebble transducer, then it is an mso interpretation of
dimension k .

Second proof. In the second proof, we assume that the
polyregular function is given as a for-transducer. In this
case, the construction will yield an mso interpretation with
a special property of independent interest, namely that the
order on the tuples is going to be lexicographic. We will use
a variant of for-transducers that mixes for loops and mso
formulas, as expressed in the following lemma.

Lemma 5.3. Every for-transducer is equivalent to one of the
form

for x1 in τ1
for x2 in τ2
...

for xk in τk
body

epilogue

where the body is a sequence of instructions of the form
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Second proof. In the second proof, we assume that the
polyregular function is given as a for-transducer. In this
case, the construction will yield an mso interpretation with
a special property of independent interest, namely that the
order on the tuples is going to be lexicographic. We will use
a variant of for-transducers that mixes for loops and mso
formulas, as expressed in the following lemma.

Lemma 5.3. Every for-transducer is equivalent to one of the
form

for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

where the body is a sequence of instructions of the form

if 𝜑(𝑥1, . . . , 𝑥𝑘))︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
mso formula with 𝑘 free variables

then output 𝑎

and the epilogue is a sequence of instructions of the form

if 𝜑⟩︀
mso formula with no free variables

then output 𝑎.

Furthermore, the body produces at most one letter in each loop
iteration, i.e. the formulas 𝜑(𝑥1, . . . , 𝑥𝑘) that appear in the
body are pairwise contradictory.

Proof
We first convert the for-transducer into prenex normal form
using Lemma 1.2. Next, we observe that the Boolean variables
can be eliminated, since their values can be recovered using
mso formulas, as explained in in Lemma 5.2. ◻

A for-transducer as in the conclusion of the above lemma
can easily be converted into an mso interpretation, which
has one component of dimension 𝑘 , corresponding to the
body, and several components of dimension 0, correspond-
ing to the epilogue. The resulting mso interpretation has
the following lexicographic property: it has one component
of nonzero dimension, and on this component the order is
lexicographic, with some coordinates ordered first-to-last
and some coordinates ordered last-to-first. ◻

This completes the first part of the paper, which discusses
five equivalent models for defining polyregular functions,
namely:

1. for-transducers
2. pebble transducers
3. compositions of prime functions
4. polyregular _-terms
5. mso interpretations.

In the remaining part of the paper, we discuss further results
about polyregular functions, mainly concerning fragments

that are obtained by restricting the above models in some
way, e.g. by requiring at most quadratic growth.

6 Growth rates
In this section, we discuss the growth rate of polyregular
functions. For a string-to-string function, define its growth
rate to be the non-decreasing function, whichmaps a number
𝑛 ∈ {0, 1, . . .} to the maximal length of an output string that
can arise by applying the function to an input string of length
at most𝑛. For example, the squaring function from Example 3
has growth rate 𝑛2 + 𝑛 + 1, while the map reverse function
from Example 6 has growth rate 𝑛.
As we have mentioned several times before, polyregular

functions have polynomial growth rates. Also, for some of
the models defining polyregular functions, there is a natural
parameter that bounds the degree of the polynomial in the
growth rate, as explained in the following table:

model parameter
for-transducer nesting depth of for loops

pebble transducer number of pebbles
mso interpretation dimension

The purpose of this section is to inspect the role of the
parameters in the above table. For the two descriptions of
polyregular functions that do not appear in the above table,
namely prime functions and the _-terms, the growth rate is
less visible in the syntax, and we do not discuss those models
in this section. The results of this section are summarized in
the following diagram, with arrows representing inclusions
of classes of string-to-string functions:

for-transducers with at most 𝑘 nested loops

pebble transducers with 𝑘 pebbles

mso interpretations of dimension 𝑘

polyregular of growth rate 𝒪(𝑛𝑘)

obvious⇑Example 6

first proof in Theorem 5.1⇑Theorem 6.3

obviousTheorem 6.1

Only two of the arrows in the above diagram have not
been shown yet, namely the second and third upward arrows.
These are discussed in the rest of this section, which is based
on the unpublished manuscript [6].

6.1 Growth rates and mso dimension
Theorem 6.1 below concerns the third upward arrow in the
diagram: it shows that the dimension of an mso interpre-
tation corresponds exactly to the degree of the polynomial
in its growth rate. The theorem also rules out intermediate
growth rates such as

⌋︂
𝑛 or 𝑛 ⋅ log𝑛.

and the epilogue is a sequence of instructions of the form
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Second proof. In the second proof, we assume that the
polyregular function is given as a for-transducer. In this
case, the construction will yield an mso interpretation with
a special property of independent interest, namely that the
order on the tuples is going to be lexicographic. We will use
a variant of for-transducers that mixes for loops and mso
formulas, as expressed in the following lemma.

Lemma 5.3. Every for-transducer is equivalent to one of the
form

for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

where the body is a sequence of instructions of the form
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mso formula with 𝑘 free variables

then output 𝑎

and the epilogue is a sequence of instructions of the form

if 𝜑⟩︀
mso formula with no free variables

then output 𝑎.

Furthermore, the body produces at most one letter in each loop
iteration, i.e. the formulas 𝜑(𝑥1, . . . , 𝑥𝑘) that appear in the
body are pairwise contradictory.

Proof
We first convert the for-transducer into prenex normal form
using Lemma 1.2. Next, we observe that the Boolean variables
can be eliminated, since their values can be recovered using
mso formulas, as explained in in Lemma 5.2. ◻

A for-transducer as in the conclusion of the above lemma
can easily be converted into an mso interpretation, which
has one component of dimension 𝑘 , corresponding to the
body, and several components of dimension 0, correspond-
ing to the epilogue. The resulting mso interpretation has
the following lexicographic property: it has one component
of nonzero dimension, and on this component the order is
lexicographic, with some coordinates ordered first-to-last
and some coordinates ordered last-to-first. ◻

This completes the first part of the paper, which discusses
five equivalent models for defining polyregular functions,
namely:

1. for-transducers
2. pebble transducers
3. compositions of prime functions
4. polyregular _-terms
5. mso interpretations.

In the remaining part of the paper, we discuss further results
about polyregular functions, mainly concerning fragments

that are obtained by restricting the above models in some
way, e.g. by requiring at most quadratic growth.

6 Growth rates
In this section, we discuss the growth rate of polyregular
functions. For a string-to-string function, define its growth
rate to be the non-decreasing function, whichmaps a number
𝑛 ∈ {0, 1, . . .} to the maximal length of an output string that
can arise by applying the function to an input string of length
at most𝑛. For example, the squaring function from Example 3
has growth rate 𝑛2 + 𝑛 + 1, while the map reverse function
from Example 6 has growth rate 𝑛.
As we have mentioned several times before, polyregular

functions have polynomial growth rates. Also, for some of
the models defining polyregular functions, there is a natural
parameter that bounds the degree of the polynomial in the
growth rate, as explained in the following table:

model parameter
for-transducer nesting depth of for loops

pebble transducer number of pebbles
mso interpretation dimension

The purpose of this section is to inspect the role of the
parameters in the above table. For the two descriptions of
polyregular functions that do not appear in the above table,
namely prime functions and the _-terms, the growth rate is
less visible in the syntax, and we do not discuss those models
in this section. The results of this section are summarized in
the following diagram, with arrows representing inclusions
of classes of string-to-string functions:

for-transducers with at most 𝑘 nested loops

pebble transducers with 𝑘 pebbles

mso interpretations of dimension 𝑘

polyregular of growth rate 𝒪(𝑛𝑘)

obvious⇑Example 6

first proof in Theorem 5.1⇑Theorem 6.3

obviousTheorem 6.1

Only two of the arrows in the above diagram have not
been shown yet, namely the second and third upward arrows.
These are discussed in the rest of this section, which is based
on the unpublished manuscript [6].

6.1 Growth rates and mso dimension
Theorem 6.1 below concerns the third upward arrow in the
diagram: it shows that the dimension of an mso interpre-
tation corresponds exactly to the degree of the polynomial
in its growth rate. The theorem also rules out intermediate
growth rates such as

⌋︂
𝑛 or 𝑛 ⋅ log𝑛.



LICS ’22, August 2–5, 2022, Haifa, Israel Mikołaj Bojańczyk

Furthermore, the body produces at most one letter in each loop
iteration, i.e. the formulas φ(x1, . . . ,xk ) that appear in the
body are pairwise contradictory.

Proof
We first convert the for-transducer into prenex normal form
using Lemma 1.2. Next, we observe that the Boolean variables
can be eliminated, since their values can be recovered using
mso formulas, as explained in in Lemma 5.2. □

A for-transducer as in the conclusion of the above lemma
can easily be converted into an mso interpretation, which
has one component of dimension k , corresponding to the
body, and several components of dimension 0, correspond-
ing to the epilogue. The resulting mso interpretation has
the following lexicographic property: it has one component
of nonzero dimension, and on this component the order is
lexicographic, with some coordinates ordered first-to-last
and some coordinates ordered last-to-first. □

This completes the first part of the paper, which discusses
five equivalent models for defining polyregular functions,
namely:
(1) for-transducers
(2) pebble transducers
(3) compositions of prime functions
(4) polyregular λ-terms
(5) mso interpretations.

In the remaining part of the paper, we discuss further results
about polyregular functions, mainly concerning fragments
that are obtained by restricting the above models in some
way, e.g. by requiring at most quadratic growth.

6 GROWTH RATES
In this section, we discuss the growth rate of polyregular
functions. For a string-to-string function, define its growth
rate to be the non-decreasing function, whichmaps a number
n ∈ {0, 1, . . .} to the maximal length of an output string that
can arise by applying the function to an input string of length
at mostn. For example, the squaring function from Example 3
has growth rate n2 + n + 1, while the map reverse function
from Example 6 has growth rate n.
As we have mentioned several times before, polyregular

functions have polynomial growth rates. Also, for some of
the models defining polyregular functions, there is a natural
parameter that bounds the degree of the polynomial in the
growth rate, as explained in the following table:

model parameter
for-transducer nesting depth of for loops

pebble transducer number of pebbles
mso interpretation dimension

The purpose of this section is to inspect the role of the
parameters in the above table. For the two descriptions of
polyregular functions that do not appear in the above table,
namely prime functions and the λ-terms, the growth rate is
less visible in the syntax, and we do not discuss those models
in this section. The results of this section are summarized in
the following diagram, with arrows representing inclusions
of classes of string-to-string functions:
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Second proof. In the second proof, we assume that the
polyregular function is given as a for-transducer. In this
case, the construction will yield an mso interpretation with
a special property of independent interest, namely that the
order on the tuples is going to be lexicographic. We will use
a variant of for-transducers that mixes for loops and mso
formulas, as expressed in the following lemma.

Lemma 5.3. Every for-transducer is equivalent to one of the
form

for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

where the body is a sequence of instructions of the form
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mso formula with 𝑘 free variables

then output 𝑎

and the epilogue is a sequence of instructions of the form

if 𝜑⟩︀
mso formula with no free variables

then output 𝑎.

Furthermore, the body produces at most one letter in each loop
iteration, i.e. the formulas 𝜑(𝑥1, . . . , 𝑥𝑘) that appear in the
body are pairwise contradictory.

Proof
We first convert the for-transducer into prenex normal form
using Lemma 1.2. Next, we observe that the Boolean variables
can be eliminated, since their values can be recovered using
mso formulas, as explained in in Lemma 5.2. ◻

A for-transducer as in the conclusion of the above lemma
can easily be converted into an mso interpretation, which
has one component of dimension 𝑘 , corresponding to the
body, and several components of dimension 0, correspond-
ing to the epilogue. The resulting mso interpretation has
the following lexicographic property: it has one component
of nonzero dimension, and on this component the order is
lexicographic, with some coordinates ordered first-to-last
and some coordinates ordered last-to-first. ◻

This completes the first part of the paper, which discusses
five equivalent models for defining polyregular functions,
namely:

1. for-transducers
2. pebble transducers
3. compositions of prime functions
4. polyregular _-terms
5. mso interpretations.

In the remaining part of the paper, we discuss further results
about polyregular functions, mainly concerning fragments

that are obtained by restricting the above models in some
way, e.g. by requiring at most quadratic growth.

6 Growth rates
In this section, we discuss the growth rate of polyregular
functions. For a string-to-string function, define its growth
rate to be the non-decreasing function, whichmaps a number
𝑛 ∈ {0, 1, . . .} to the maximal length of an output string that
can arise by applying the function to an input string of length
at most𝑛. For example, the squaring function from Example 3
has growth rate 𝑛2 + 𝑛 + 1, while the map reverse function
from Example 6 has growth rate 𝑛.
As we have mentioned several times before, polyregular

functions have polynomial growth rates. Also, for some of
the models defining polyregular functions, there is a natural
parameter that bounds the degree of the polynomial in the
growth rate, as explained in the following table:

model parameter
for-transducer nesting depth of for loops

pebble transducer number of pebbles
mso interpretation dimension

The purpose of this section is to inspect the role of the
parameters in the above table. For the two descriptions of
polyregular functions that do not appear in the above table,
namely prime functions and the _-terms, the growth rate is
less visible in the syntax, and we do not discuss those models
in this section. The results of this section are summarized in
the following diagram, with arrows representing inclusions
of classes of string-to-string functions:

for-transducers with at most 𝑘 nested loops

pebble transducers with 𝑘 pebbles

mso interpretations of dimension 𝑘

polyregular of growth rate 𝒪(𝑛𝑘)

obvious⇑Example 6

first proof in Theorem 5.1⇑Theorem 6.3

obviousTheorem 6.1

Only two of the arrows in the above diagram have not
been shown yet, namely the second and third upward arrows.
These are discussed in the rest of this section, which is based
on the unpublished manuscript [6].

6.1 Growth rates and mso dimension
Theorem 6.1 below concerns the third upward arrow in the
diagram: it shows that the dimension of an mso interpre-
tation corresponds exactly to the degree of the polynomial
in its growth rate. The theorem also rules out intermediate
growth rates such as

⌋︂
𝑛 or 𝑛 ⋅ log𝑛.

Only two of the arrows in the above diagram have not
been shown yet, namely the second and third upward arrows.
These are discussed in the rest of this section, which is based
on the unpublished manuscript [6].

6.1 Growth rates and mso dimension
Theorem 6.1 below concerns the third upward arrow in the
diagram: it shows that the dimension of anmso interpretation
corresponds exactly to the degree of the polynomial in its
growth rate. The theorem also rules out intermediate growth
rates such as

√
n or n · logn.

Theorem 6.1. If k ∈ {0, 1, . . .} is the minimal dimension of
an mso interpretation which defines a string-to-string function,
then the function has growth rate Θ(nk ), i.e. the growth rate is
both upper- and lower-bounded by a polynomial of degree k .
Furthermore, k can be computed given an mso interpretation
of possibly sub-optimal dimension ℓ ≥ k .

Before discussing the proof of the theorem, let us exam-
ine its consequences in the important special case of linear
growth.

Example 11.Consider the special case of Theorem 6.1where
k = 1. In this case we have the following equalities (the equal-
ities mention a model, called streaming string transducers,
which will be described in Section 7.2.1, together with a proof
of the last equality):
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Theorem 6.1. If 𝑘 ∈ {0, 1, . . .} is the minimal dimension of
an mso interpretation which defines a string-to-string function,
then the function has growth rate Θ(𝑛𝑘), i.e. the growth rate
is both upper- and lower-bounded by a polynomial of degree 𝑘 .
Furthermore, 𝑘 can be computed given an mso interpretation
of possibly sub-optimal dimension ℓ ≥ 𝑘 .
Before discussing the proof of the theorem, let us exam-

ine its consequences in the important special case of linear
growth.

Example 11.Consider the special case of Theorem 6.1where
𝑘 = 1. In this case we have the following equalities (the equal-
ities mention a model, called streaming string transducers,
which will be described in Section 7.2.1, together with a proof
of the last equality):

polyregular functions of linear growth

mso interpretations of dimension 𝑘 = 1
which are the same as mso transductions

deterministic two-way automata with output
which are the same as one pebble transducers

streaming string transducers [1, Section 3]

Theorem 6.1 for 𝑘 = 1

[20, Theorem 13]

[1, Theorems 1, 2, 3]

The class of string-to-string functions that is described
by the last three models in the diagram above is called the
regular string-to-string functions. The diagram says that the
regular functions are exactly the polyregular functions of lin-
ear growth. As mentioned in the introduction, in the context
of polyregular functions, it would probably be more appro-
priate to use the name linear regular string-to-string functions
for the functions in the above diagram. Since Theorem 6.1
allows us to compute 𝑘 , it also follows that one can decide if
a polyregular function is in fact linear regular. ◻

The proof of Theorem 6.1 is based on the following lemma,
proved in [6, Lemma 2.4], which examines the growth rate
of mso formulas that define properties of strings with distin-
guished positions.

Lemma 6.2 (Seed Lemma). Let 𝜑(𝑥1, . . . , 𝑥ℓ) be an mso for-
mula, which defines a property of strings (over some fixed input
alphabet) with ℓ distinguished positions. One can compute log-
ically equivalent formula of the form

∐
𝑖∈𝐼 𝜑𝑖(𝑥1, . . . , 𝑥ℓ),

where∐ refers to disjoint union (for every input string, every
ℓ-tuple of positions is selected by at most one 𝜑𝑖 ), and for each
𝑖 ∈ 𝐼 there is a subset of variables 𝑋𝑖 ⊆ {𝑥1, . . . , 𝑥ℓ} with the
following properties:

1. If two𝑘-tuples in the same input string agree on variables
from 𝑋𝑖 , then 𝜑𝑖 can select at most one of them4.

2. The growth rate of 𝜑𝑖 is Θ(𝑛⋃︀𝑋𝑖 ⋃︀), where the growth rate
is defined to be the maximal number of tuples that can
be selected in a single input string of length at most 𝑛.

We do not prove the Seed Lemma. Its proof is based on
an analysis of pumping patterns. Once we have the Seed
Lemma, Theorem 6.1 can easily be deduced, as explained
below.
Proof (of Theorem 6.1)
Consider a polyregular function, given as an mso interpre-
tation. Without loss of generality we assume that the mso
interpretation has only one component of nonzero dimen-
sion ℓ , see the comments at the end of the proof in Theo-
rem 5.1. To simplify notation, we assume that there is simply
one component, the proof can easily be extended to han-
dle the components of dimension zero. And apply the Seed
Lemma to the universe formula 𝜑(𝑥1, . . . , 𝑥ℓ) of the unique
component, yielding an equivalent disjunction:

∐
𝑖∈𝐼 𝜑𝑖(𝑥1, . . . , 𝑥ℓ),

along with subsets of variables {𝑋𝑖}𝑖 . Consider an input
string 𝑤 . The universe of the output string under the mso
interpretation is equal to the disjoint union

∐
𝑖∈𝐼 {𝑎 ∈ positionsℓ ⋃︀𝑤 ⊧ 𝜑𝑖(𝑎)}.

By condition 1 in the Seed Lemma, the above set is in bijective
correspondence with the set

∐
𝑖∈𝐼 {𝑎 ∈ positions⋃︀𝑋𝑖 ⋃︀ ⋃︀𝑤 ⊧ 𝜑 ′𝑖 (𝑎)},

where 𝜑 ′𝑖 is obtained from 𝜑𝑖 by quantifying existentially
the variables that are not in 𝑋𝑖 . Furthermore, this bijective
correspondence is definable in mso, since an mso formula
can extend a tuple of dimension ⋃︀𝑋𝑖 ⋃︀ to the unique tuple of
dimension 𝑘 that satisfies 𝜑𝑖 . Based on this observation, we
can define a new mso interpretation, which has a component
for each 𝑖 ∈ 𝐼 , of dimension ⋃︀𝑋𝑖 ⋃︀ and universe formula 𝜑 ′𝑖 . The
remaining structure of the output string, namely the order
on positions and their labels, is defines using the bijective
correspondence discussed bove and the mso formulas from
the old interpretation.

By item 2 in the Seed Lemma, the growth rate of the new
mso interpretation is Θ(𝑛𝑘) where 𝑘 is the maximal size of
sets {𝑋𝑖}𝑖 , and the dimension of the new interpretation is
also the same 𝑘 . ◻
6.2 Growth rate and pebbles
In Theorem 6.1, we have established that mso interpretations
of dimension 𝑘 define exactly the polyregular functions of
growth 𝒪(𝑛𝑘). Is there a similar correspondence in the case
4This is the same as being a key in database terminology.

The class of string-to-string functions that is described
by the last three models in the diagram above is called the
regular string-to-string functions. The diagram says that the
regular functions are exactly the polyregular functions of lin-
ear growth. As mentioned in the introduction, in the context
of polyregular functions, it would probably be more appro-
priate to use the name linear regular string-to-string functions
for the functions in the above diagram. Since Theorem 6.1
allows us to compute k , it also follows that one can decide if
a polyregular function is in fact linear regular. □

The proof of Theorem 6.1 is based on the following lemma,
proved in [6, Lemma 2.4], which examines the growth rate
of mso formulas that define properties of strings with distin-
guished positions.

Lemma 6.2 (Seed Lemma). Let φ(x1, . . . ,xℓ) be an mso for-
mula, which defines a property of strings (over some fixed input
alphabet) with ℓ distinguished positions. One can compute log-
ically equivalent formula of the form∐

i ∈I

φi (x1, . . . ,xℓ),

where
∐

refers to disjoint union (for every input string, every
ℓ-tuple of positions is selected by at most one φi ), and for each
i ∈ I there is a subset of variables Xi ⊆ {x1, . . . ,xℓ} with the
following properties:
(1) If twok-tuples in the same input string agree on variables

from Xi , then φi can select at most one of them4.
(2) The growth rate of φi is Θ(n |Xi |), where the growth rate

is defined to be the maximal number of tuples that can
be selected in a single input string of length at most n.

We do not prove the Seed Lemma. Its proof is based on
an analysis of pumping patterns. Once we have the Seed
Lemma, Theorem 6.1 can easily be deduced, as explained
below.
Proof (of Theorem 6.1)
Consider a polyregular function, given as an mso interpre-
tation. Without loss of generality we assume that the mso
interpretation has only one component of nonzero dimension
4This is the same as being a key in database terminology.

ℓ, see the comments at the end of the proof in Theorem 5.1.
To simplify notation, we assume that there is simply one
component, the proof can easily be extended to handle the
components of dimension zero. And apply the Seed Lemma
to the universe formula φ(x1, . . . ,xℓ) of the unique compo-
nent, yielding an equivalent disjunction:∐

i ∈I

φi (x1, . . . ,xℓ),

along with subsets of variables {Xi }i . Consider an input
string w . The universe of the output string under the mso
interpretation is equal to the disjoint union∐

i ∈I

{ā ∈ positionsℓ | w |= φi (ā)}.

By condition 1 in the Seed Lemma, the above set is in bijective
correspondence with the set∐

i ∈I

{ā ∈ positions |Xi | | w |= φ ′
i (ā)},

where φ ′
i is obtained from φi by quantifying existentially

the variables that are not in Xi . Furthermore, this bijective
correspondence is definable in mso, since an mso formula
can extend a tuple of dimension |Xi | to the unique tuple of
dimension k that satisfies φi . Based on this observation, we
can define a new mso interpretation, which has a component
for each i ∈ I , of dimension |Xi | and universe formulaφ ′

i . The
remaining structure of the output string, namely the order
on positions and their labels, is defines using the bijective
correspondence discussed bove and the mso formulas from
the old interpretation.

By item 2 in the Seed Lemma, the growth rate of the new
mso interpretation is Θ(nk ) where k is the maximal size of
sets {Xi }i , and the dimension of the new interpretation is
also the same k . □

6.2 Growth rate and pebbles
In Theorem 6.1, we have established that mso interpretations
of dimension k define exactly the polyregular functions of
growth O(nk ). Is there a similar correspondence in the case
of k-pebble transducers, or in the case of for-transducers
with k nested loops? We have already seen in Example 6 a
negative answer to the second question: there are functions
of linear growth that need at least two nested loops. In this
section we present a negative answer to the first question:
the number of pebbles in a pebble transducer does not match
the growth rate5. As we have seen in Example 11, the growth
rate does match the number of pebbles for k = 1, i.e. pebble
transducers with one pebble are the same as the polyregular

5In [26], it was claimed that the growth rate matches the number of pebbles.
Unfortunately, that proof contains an error.
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functions of linear growth6. However, for k = 2 there is no
longer a match, as stated in the following theorem, which
uses a function that was suggested by Gäetan Douénau-
Tabot.

Theorem 6.3. The following function, call it inner squaring,
is polyregular and has quadratic growth, but it is not recognized
by any pebble transducer with at most two pebbles:

w1 | · · · |wn 7→ (w1)
n | · · · |(wn)

n w1, . . . ,wn ∈ {a,b}∗.

The counterexample from the above theorem can even be
strengthened: for every k ∈ {2, 3, . . .} there is a quadratic
polyregular function which needs at least k pebbles [6, The-
orem 3.1]. In other words, no fixed number of pebbles is
enough to cover all quadratic polyregular functions.
Proof (Sketch)
The function clearly has quadratic growth. It is also rec-
ognized by a pebble transducer with three pebbles, even
a for-transducer with nesting depth three, which looks is
explained in the following pseudo-code:
input: w1 | · · · |wn
for x in {1, . . . ,n}
for y in {1, . . . ,n}
for z in positions of wx

output z

It remains to show that three pebbles are indeed necessary.
We begin with a simpler variant of the lower bound, which

uses an infinite alphabet, and explains the main idea. Con-
sider an infinite alphabet A, whose letters will be called
atoms, and the following function of type A∗ → A∗

a1 · · ·an 7→ (a1)
n · · · (an)

n .︸                                    ︷︷                                    ︸
call this function inner squaring with atoms

In other words, each input letter from the infinite alphabet
is copied as many times as the length of the string. This
function behaves similarly to the function from the theorem,
except that the atoms play the role of blocks in {a,b}∗. We
will show that the inner squaring with atoms cannot be
computed by the variant of pebble transducers, which is
obtained from the original variant by adding a new action
“output the letter that is under the head”. We use the name
pebble transducer with atoms for this variant. In principle, the
transducer could use tests about specific atoms that are hard-
coded into its syntax, and actions that output such atoms,
but these features will be useless for inputs where the hard-
coded atoms do not appear. The model is not allowed to do
equality tests on atoms, and it does not have any registers.

Inner squaring with atoms can be recognized using three
pebbles in the atom model, using the same idea as explained
6As pointed out by Lê Thành Dung Nguyên, this result, i.e. the special case
of Theorem 6.1 for k = 1, can be deduced from [19, Theorem 43].

at the beginning of this proof. The advantage of the atom
model is that the lower bound is easy to prove.

Lemma 6.4. Inner squaring with atoms cannot be computed
by a pebble transducer with atoms that has at most two pebbles.

Proof
Fix a pebble transducer with atoms that has at most two
pebbles. We will show that it cannot compute inner squaring
with atoms. Consider an input string a1 · · ·an which consists
of distinct atoms. In the proof below, we say that a quantity
is bounded if it has an upper bound that depends only on the
fixed transducer and not on the input string.
Consider a configuration c of the pebble transducer with

atoms that has height one, i.e. there is only one pebble in
the stack. A child of this configuration is defined to be any
configuration of height two that appears between c and the
next configuration of height one. Output atoms can only be
produced when the head points to them, and the head cannot
visit a position twice in the same state without entering an
infinite loop. Since we assume that no atom appears twice in
the input, head positions and input atoms are in one-to-one
correspondence, and therefore it follows that for every atom,
the number of children of c that output this atom is bounded
by some constant N that depends only on the transducer.
Since the output string consists of each atom repeated n
times, it follows that if n > N , then for every configuration
c of height one, at most two different atoms are output in its
children, and each of these atoms is output at most N times.
Summing up, each configuration of height one produces
only bounded size output in its children. Since the number
of configurations of height one is linear in n, it follows that
the total output size must also be linear in n; but this cannot
be since the output size is n2. □

This completes the lower bound of three pebbles in the
case of an infinite alphabet. To prove the theorem in its
original form, one uses a non-trivial reduction from the finite
alphabet to the infinite alphabet [6, Theorem 3.14]. We do
not present this reduction here; it examines all possible ways
in which a pebble transducer could “cheat” when atoms are
coded as strings in {a,b}∗, and it shows that each of these
ways of cheating must necessarily fail. □

7 SUBCLASSES OF POLYREGULAR
FUNCTIONS

In this section we discuss subclasses of the polyregular func-
tions.

7.1 First-order polyregular functions
In the case of mso interpretations, there is a natural restric-
tion, namely first-order interpretations, which uses first-order
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logic instead of mso. It turns out that the first-order restric-
tion can be imposed on the other models as well, as described
in the following theorem.

Theorem 7.1. The followingmodels describe the same string-
to-string functions:
(1) for-transducers in the normal form from Lemma 5.3,

where all formulas use first-order logic instead of mso;
(2) pebble transducers such that all reachability queries de-

scribed in Lemma 5.2 can be defined in first-order logic;
(3) compositions of polyregular primes which do not use

reversible Mealy machines that have more than one state;
(4) polyregular λ-terms which do not use the atomic func-

tions for group multiplication;
(5) first-order interpretations.

Proof (Sketch)
The hard implication is to go from a first-order interpretation
to any of the remaining models. In fact, this hard implica-
tion is the core of the proof in [9], where the mso case is
deduced from the first-order case. We do not describe this
hard implication, only the remaining implications.

2 ⇒ 1 Same proof as in Theorem 2.1, with the reachabil-
ity oracles taken from the assumption on the pebble
transducer having reachability definable in first-order
logic.

1 ⇒ 3 Same proof as in Theorem 3.2. If the input function
is first-order definable, then reversible Mealy machines
are not needed in the Krohn-Rhodes decomposition,
see Footnote 3.

3 ⇒ 4 Same proof as in Theorem 4.1. In that proof, the
translation from prime functions to λ-terms needs the
group functions only for reversible Mealy machines.

4 ⇒ 5 Same proof as in Theorem 4.1. In that proof, the
translation from λ-terms to for-transducers would also
work with first-order interpretations as the target lan-
guage, assuming that the λ-term does not use group
multiplication.

The hard implication that was discussed at the beginning of
this proof is not needed to close the loop for proving equiva-
lence of conditions {2, 3, 4, 5}. One can, for example, prove
the implication 4 ⇒ 2 in the same way as the implication
4 ⇒ 5. □

We use the name first-order polyregular for the class of
string-to-string functions that is described in the above the-
orem. The following result shows that, up to preprocessing
by a Mealy machine, the first-order polyregular functions
are equivalent to the general polyregular functions.

Theorem 7.2. Every polyregular function can be decom-
posed as a Mealy machine followed by a first-order polyregular
function.

Proof
We give two proofs of this theorem.

First proof. The first proof uses interpretations. It is based
on the following reduction of mso to first-order logic [12,
Theorem 2]: for every mso formula φ(x1, . . . ,xn) there is
a Mealy machine f and a first-order formulaψ (x1, . . . ,xn)
such that every string with k distinguished positions satisfies

w |= φ(x1, . . . ,xn) iff f (w) |= ψ (x1, . . . ,xn).

The alphabets used in the formulas φ and ψ are not neces-
sarily the same; the translation between these two alphabets
is handled by the Mealy machine. Applying this result to
all mso formulas that are used in an mso interpretation, and
combining the Mealy machines into a single one, we see
that every mso interpretation can be decomposed as a Mealy
machine followed by a first-order interpretation.

Second proof. The second proof uses prime decomposi-
tions, and it proves a slight strengthening of the theorem,
where the Mealy machine in the conclusion is reversible.
This strengthening can be written as follows
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7.1 First-order polyregular functions
In the case of mso interpretations, there is a natural restric-
tion, namely first-order interpretations, which uses first-order
logic instead of mso. It turns out that the first-order restric-
tion can be imposed on the other models as well, as described
in the following theorem.

Theorem 7.1. The following models describe the same string-
to-string functions:

1. for-transducers in the normal form from Lemma 5.3,
where all formulas use first-order logic instead of mso;

2. pebble transducers such that all reachability queries de-
scribed in Lemma 5.2 can be defined in first-order logic;

3. compositions of polyregular primes which do not use
reversible Mealy machines that have more than one state;

4. polyregular _-terms which do not use the atomic func-
tions for group multiplication;

5. first-order interpretations.

Proof (Sketch)
The hard implication is to go from a first-order interpretation
to any of the remaining models. In fact, this hard implica-
tion is the core of the proof in [9], where the mso case is
deduced from the first-order case. We do not describe this
hard implication, only the remaining implications.

2⇒ 1 Same proof as in Theorem 2.1, with the reachabil-
ity oracles taken from the assumption on the pebble
transducer having reachability definable in first-order
logic.

1⇒ 3 Same proof as in Theorem 3.2. If the input function
is first-order definable, then reversible Mealy machines
are not needed in the Krohn-Rhodes decomposition,
see Footnote 3.

3⇒ 4 Same proof as in Theorem 4.1. In that proof, the
translation from prime functions to _-terms needs the
group functions only for reversible Mealy machines.

4⇒ 5 Same proof as in Theorem 4.1. In that proof, the
translation from _-terms to for-transducers would also
work with first-order interpretations as the target lan-
guage, assuming that the _-term does not use group
multiplication.

The hard implication that was discussed at the beginning of
this proof is not needed to close the loop for proving equiva-
lence of conditions {2, 3, 4, 5}. One can, for example, prove
the implication 4 ⇒ 2 in the same way as the implication
4⇒ 5. ◻

We use the name first-order polyregular for the class of
string-to-string functions that is described in the above the-
orem. The following result shows that, up to preprocessing
by a Mealy machine, the first-order polyregular functions
are equivalent to the general polyregular functions.

Theorem 7.2. Every polyregular function can be decomposed
as a Mealy machine followed by a first-order polyregular func-
tion.

Proof
We give two proofs of this theorem.

First proof. The first proof uses interpretations. It is based
on the following reduction of mso to first-order logic [12,
Theorem 2]: for every mso formula 𝜑(𝑥1, . . . , 𝑥𝑛) there is
a Mealy machine 𝑓 and a first-order formula 𝜓(𝑥1, . . . , 𝑥𝑛)
such that every string with 𝑘 distinguished positions satisfies

𝑤 ⊧ 𝜑(𝑥1, . . . , 𝑥𝑛) iff 𝑓 (𝑤) ⊧𝜓(𝑥1, . . . , 𝑥𝑛).
The alphabets used in the formulas 𝜑 and 𝜓 are not neces-
sarily the same; the translation between these two alphabets
is handled by the Mealy machine. Applying this result to
all mso formulas that are used in an mso interpretation, and
combining the Mealy machines into a single one, we see
that every mso interpretation can be decomposed as a Mealy
machine followed by a first-order interpretation.

Second proof. The second proof uses prime decomposi-
tions, and it proves a slight strengthening of the theorem,
where the Mealy machine in the conclusion is reversible.
This strengthening can be written as follows

polyregular)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
all polyregular

functions

= reversible)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
reversible
Mealy

machines

; fo-polyregular)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
polyregular functions
that are first-order

definable

. (1)

The non-trivial inclusion in the above equality is left-to-
right. To prove it, we use the prime decomposition result
from Theorem 3.2. This result can be stated as

polyregular = prime∗)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
compositions of prime polyregular functions

. (2)

In light of the above, to prove the left-to-right inclusion in (1),
it is enough to prove the inclusion

prime; reversible ⊆ reversible; fo-polyregular. (3)

Indeed, by repeatedly applying the above inclusion, we get

prime∗; reversible ⊆ reversible; fo-polyregular∗.
which proves the left-to-right inclusion in (1).

It remains to prove (3). This is shown by inspecting all
possible prime machines. In each case, the idea is to first label
the input string by state transformations of the reversible
machine; this can be done in a reversible way and it gives
enough information to recover the output string. The details
are left to the reader. ◻

The non-trivial inclusion in the above equality is left-to-
right. To prove it, we use the prime decomposition result
from Theorem 3.2. This result can be stated as

polyregular = prime∗︸ ︷︷ ︸
compositions of prime polyregular functions

. (1)

In light of the above, to prove the left-to-right inclusion in (1),
it is enough to prove the inclusion

prime; reversible ⊆ reversible; fo-polyregular. (2)
Indeed, by repeatedly applying the above inclusion, we get

prime∗; reversible ⊆ reversible; fo-polyregular∗.
which proves the left-to-right inclusion in (1).

It remains to prove (2). This is shown by inspecting all
possible prime machines. In each case, the idea is to first label
the input string by state transformations of the reversible
machine; this can be done in a reversible way and it gives
enough information to recover the output string. The details
are left to the reader. □

7.2 Layered streaming string transducers
The second subclass of polyregular functions that we discuss
here is a generalization of the streaming string transducer
model of Alur and Černý [1]. This is a model that processes
its input in a single first-to-last pass, and it is is equivalent
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to the regular functions of linear growth that were discussed
in Example 11. There is no known streaming model that
computes all polyregular functions, but there is one that
computes some of them. The purpose of this section is to
describe that model.

7.2.1 Streaming string transducers. We begin with the origi-
nal model of streaming string transducers, which describes
functions of linear growth, and then explain how it can be
generalized to get polynomial growth.
The idea behind a streaming string transducer is that it

processes the input only once, but it uses registers to store
parts of the output string. There is an important restriction
on the way that the registers are updated: a register cannot be
copied. If copying would be allowed (the model with copying
is called copyful streaming string transducers), then one could
produce exponential outputs by duplicating a register in each
step.

Example 12. Consider the map reverse function from Ex-
ample 6. We can implement this function using two registers
X and Y. Register X stores the reverse of the currently pro-
cessed block, while Y stores the output for all previous blocks.
Initially, both registers are empty. The transducer processes
the input in a single first-to-last pass. When it reads an input
letter a, it prepends a to register X and leaves Y unchanged,
as explained in the following register update
X := aX

Y := Y

A similar update is executed when reading input b. This way
the reverse of the present block is stored in X, while Y is
unchanged. Once a block ends, i.e. the separator symbol | is
read, then register X is erased and its value is appended to Y,
as in the following register update
X := ε

Y := YX

Once the transducer finishes reading the input string, the
output is recovered as XY. □

Here is a more formal definition of the model of streaming
string transducers [1, Section 3]. Suppose that Γ is an output
alphabet and R = {X1, . . . ,Xn} is a set of register names. A
register update is defined to be simultaneous assignment

X1 := w1
. . .

Xn := wn

where each right hand side wi is a possibly empty string
whose letters are either register names or output letters. We
require the register update to be copyless in the following
sense: each register name appears at most once in the string
w1 · · ·wn that is obtained by concatenating all right hand

sides in the register update. The syntax of a streaming string
transducer consists of the following ingredients
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7.2 Layered streaming string transducers
The second subclass of polyregular functions that we discuss
here is a generalization of the streaming string transducer
model of Alur and Černý [1]. This is a model that processes
its input in a single first-to-last pass, and it is is equivalent
to the regular functions of linear growth that were discussed
in Example 11. There is no known streaming model that
computes all polyregular functions, but there is one that
computes some of them. The purpose of this section is to
describe that model.

7.2.1 Streaming string transducers. We begin with the
original model of streaming string transducers, which de-
scribes functions of linear growth, and then explain how it
can be generalized to get polynomial growth.
The idea behind a streaming string transducer is that it

processes the input only once, but it uses registers to store
parts of the output string. There is an important restriction
on theway that the registers are updated: a register cannot be
copied. If copying would be allowed (the model with copying
is called copyful streaming string transducers), then one could
produce exponential outputs by duplicating a register in each
step.

Example 12. Consider the map reverse function from Ex-
ample 6. We can implement this function using two registers
X and Y. Register X stores the reverse of the currently pro-
cessed block, while Y stores the output for all previous blocks.
Initially, both registers are empty. The transducer processes
the input in a single first-to-last pass. When it reads an input
letter 𝑎, it prepends 𝑎 to register X and leaves Y unchanged,
as explained in the following register update
X := aX

Y := Y

A similar update is executed when reading input 𝑏. This way
the reverse of the present block is stored in X, while Y is
unchanged. Once a block ends, i.e. the separator symbol ⋃︀ is
read, then register X is erased and its value is appended to Y,
as in the following register update
X := Y

Y := YX

Once the transducer finishes reading the input string, the
output is recovered as XY. ◻

Here is a more formal definition of the model of streaming
string transducers [1, Section 3]. Suppose that Γ is an output
alphabet and 𝑅 = {𝑋1, . . . , 𝑋𝑛} is a set of register names. A
register update is defined to be simultaneous assignment

𝑋1 := 𝑤1
. . .

𝑋𝑛 := 𝑤𝑛

where each right hand side 𝑤𝑖 is a possibly empty string
whose letters are either register names or output letters. We

require the register update to be copyless in the following
sense: each register name appears at most once in the string
𝑤1⋯𝑤𝑛 that is obtained by concatenating all right hand sides
in the register update. The syntax of a streaming string trans-
ducer consists of the following ingredients

𝑄⟩︀
states

𝑞0 ∈ 𝑄⧹︀
initial
state

Σ⟩︀
input

alphabet

Γ⟩︀
output
alphabet

𝑅,⟩︀
registers

𝑟0 ∈ 𝑄⧹︀
final

register

together with a transition function
𝛿 ∶ 𝑄 × (Σ + {⊣})→ 𝑄 × (copyless register updates).

The semantics of the transducer is a string-to-string function
which is defined as follows. Initially, every register stores
the empty string. The transition function says how the state
and register contents are updated upon reading each input
letter, or the end-of-string marker ⊣. The transducer reads
the input string (extended with an end-marker ⊣) in a single
first-to-last pass (hence the name “streaming”). The output
string is then defined to be the contents of the designated
final register at the end of this pass. The purpose of the
copyless restriction is to ensure that the output string has
linear size: in each step the combined length of the strings
stored in the registers can grow only by a constant.

The main result about streaming string transducers is that
they are expressively complete for the regular functions of
linear growth.

Theorem 7.3. [1, Theorems 1, 2, 3] Streaming string trans-
ducers recognize the same string-to-string functions as 1-pebble
transducers, i.e. two-way automata with output.

Proof
Although this result is classical, we present below a self-
contained proof, which also leverages the power of the Krohn-
Rhodes theorem.

From streaming to two-way. A function recognized by
a streaming string string transducer can be decomposed as

Σ∗

Σ∗⊣ Δ∗ Γ∗,
append end-marker

compute register updates evaluate register updates

where Δ is the finite set of register updates that is used in the
syntax of the transducer, the first horizontal arrowmaps each
input position to the corresponding register update, while
the second horizontal arrow evaluates a sequence of register
updates and returns the contents of the designated register
at the end. The first horizontal arrow is a Mealy machine,
since to compute the register updates one only needs to keep
track of the state of the transducer. Since two-way automata
with output are closed under pre-composition with Mealy
machines, see Example 7, and also under adding an end-
marker, it remains to show that the second horizontal arrow

together with a transition function

δ : Q × (Σ + {⊣}) → Q × (copyless register updates).

The semantics of the transducer is a string-to-string function
which is defined as follows. Initially, every register stores the
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string (extended with an end-marker ⊣) in a single first-to-
last pass (hence the name “streaming”). The output string
is then defined to be the contents of the designated final
register at the end of this pass. The purpose of the copyless
restriction is to ensure that the output string has linear size:
in each step the combined length of the strings stored in the
registers can grow only by a constant.

The main result about streaming string transducers is that
they are expressively complete for the regular functions of
linear growth.

Theorem 7.3. [1, Theorems 1, 2, 3] Streaming string trans-
ducers recognize the same string-to-string functions as 1-pebble
transducers, i.e. two-way automata with output.

Proof
Although this result is classical, we present below a self-
contained proof, which also leverages the power of the Krohn-
Rhodes theorem.

From streaming to two-way. A function recognized by a
streaming string string transducer can be decomposed as
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7.2 Layered streaming string transducers
The second subclass of polyregular functions that we discuss
here is a generalization of the streaming string transducer
model of Alur and Černý [1]. This is a model that processes
its input in a single first-to-last pass, and it is is equivalent
to the regular functions of linear growth that were discussed
in Example 11. There is no known streaming model that
computes all polyregular functions, but there is one that
computes some of them. The purpose of this section is to
describe that model.

7.2.1 Streaming string transducers. We begin with the
original model of streaming string transducers, which de-
scribes functions of linear growth, and then explain how it
can be generalized to get polynomial growth.
The idea behind a streaming string transducer is that it

processes the input only once, but it uses registers to store
parts of the output string. There is an important restriction
on theway that the registers are updated: a register cannot be
copied. If copying would be allowed (the model with copying
is called copyful streaming string transducers), then one could
produce exponential outputs by duplicating a register in each
step.

Example 12. Consider the map reverse function from Ex-
ample 6. We can implement this function using two registers
X and Y. Register X stores the reverse of the currently pro-
cessed block, while Y stores the output for all previous blocks.
Initially, both registers are empty. The transducer processes
the input in a single first-to-last pass. When it reads an input
letter 𝑎, it prepends 𝑎 to register X and leaves Y unchanged,
as explained in the following register update
X := aX

Y := Y

A similar update is executed when reading input 𝑏. This way
the reverse of the present block is stored in X, while Y is
unchanged. Once a block ends, i.e. the separator symbol ⋃︀ is
read, then register X is erased and its value is appended to Y,
as in the following register update
X := Y

Y := YX

Once the transducer finishes reading the input string, the
output is recovered as XY. ◻

Here is a more formal definition of the model of streaming
string transducers [1, Section 3]. Suppose that Γ is an output
alphabet and 𝑅 = {𝑋1, . . . , 𝑋𝑛} is a set of register names. A
register update is defined to be simultaneous assignment

𝑋1 := 𝑤1
. . .

𝑋𝑛 := 𝑤𝑛

where each right hand side 𝑤𝑖 is a possibly empty string
whose letters are either register names or output letters. We

require the register update to be copyless in the following
sense: each register name appears at most once in the string
𝑤1⋯𝑤𝑛 that is obtained by concatenating all right hand sides
in the register update. The syntax of a streaming string trans-
ducer consists of the following ingredients
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states
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initial
state

Σ⟩︀
input

alphabet

Γ⟩︀
output
alphabet

𝑅,⟩︀
registers

𝑟0 ∈ 𝑄⧹︀
final

register

together with a transition function
𝛿 ∶ 𝑄 × (Σ + {⊣})→ 𝑄 × (copyless register updates).

The semantics of the transducer is a string-to-string function
which is defined as follows. Initially, every register stores
the empty string. The transition function says how the state
and register contents are updated upon reading each input
letter, or the end-of-string marker ⊣. The transducer reads
the input string (extended with an end-marker ⊣) in a single
first-to-last pass (hence the name “streaming”). The output
string is then defined to be the contents of the designated
final register at the end of this pass. The purpose of the
copyless restriction is to ensure that the output string has
linear size: in each step the combined length of the strings
stored in the registers can grow only by a constant.

The main result about streaming string transducers is that
they are expressively complete for the regular functions of
linear growth.

Theorem 7.3. [1, Theorems 1, 2, 3] Streaming string trans-
ducers recognize the same string-to-string functions as 1-pebble
transducers, i.e. two-way automata with output.

Proof
Although this result is classical, we present below a self-
contained proof, which also leverages the power of the Krohn-
Rhodes theorem.

From streaming to two-way. A function recognized by
a streaming string string transducer can be decomposed as

Σ∗

Σ∗⊣ Δ∗ Γ∗,
append end-marker

compute register updates evaluate register updates

where Δ is the finite set of register updates that is used in the
syntax of the transducer, the first horizontal arrowmaps each
input position to the corresponding register update, while
the second horizontal arrow evaluates a sequence of register
updates and returns the contents of the designated register
at the end. The first horizontal arrow is a Mealy machine,
since to compute the register updates one only needs to keep
track of the state of the transducer. Since two-way automata
with output are closed under pre-composition with Mealy
machines, see Example 7, and also under adding an end-
marker, it remains to show that the second horizontal arrow

where ∆ is the finite set of register updates that is used in the
syntax of the transducer, the first horizontal arrowmaps each
input position to the corresponding register update, while
the second horizontal arrow evaluates a sequence of register
updates and returns the contents of the designated register
at the end. The first horizontal arrow is a Mealy machine,
since to compute the register updates one only needs to keep
track of the state of the transducer. Since two-way automata
with output are closed under pre-composition with Mealy
machines, see Example 7, and also under adding an end-
marker, it remains to show that the second horizontal arrow
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can be computed by a two-way automaton with output. This
is argued below.
A single register update can be seen as a forest of height

one, as explained in the following picture:
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A single register update can be seen as a forest of height

one, as explained in the following picture:
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X1 := b X1 a X2 

X3 := b

X2 := ε

X4 := X3 a X4
register updateforest

The picture is indeed a forest, thanks to the copyless restric-
tion; without this restriction the picture would a bi-partite
graph. A sequence of 𝑛 register updates can also be seen as
a forest of height at most 𝑛, as in the following picture:
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a a aba a
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A circle in the picture represents the value of a register (rows)
in an input position (columns). The output corresponding
to a circle is computed by traversing the corresponding tree
using depth-first search, which is something that can be
implemented by a two-way automaton.

From two-way to streaming. Suppose that we want to
simulate a two-way automaton with output using a stream-
ing string transducer. The basic idea is to implement the
Shepherdson profile from the proof of Lemma 2.2, while stor-
ing output strings in the registers. More precisely, after it
has read the prefix of the input that ends in a position 𝑥 , the
streaming string transducer uses its registers to store the out-
puts of runs that: (a) stay in this prefix; and (b) begin in the
initial configuration or a configuration with position 𝑥 ; and
(c) end in the terminating configuration or a configuration
with position 𝑥 . Here is a picture:

a6a1 a5 a7a2 a8a3 a9a4

x

The number of such runs is at most quadratic in the num-
ber of states, and thus fixed once the two-way automaton

is fixed. Therefore the outputs of these runs can be stored
in a fixed number of registers. Furthermore, the updates are
compositional, i.e. if we know the outputs corresponding to
position 𝑥 , then we can apply a register update to get the out-
puts corresponding to the next position 𝑥 + 1. The difficulty,
however, is that this update is not copyless. The problem is
that in the transition graph of the two-way automaton, there
might be two configurations with the same successor, as in
the following picture:

In such a situation, the registers corresponding to both con-
figurations on the right will need to appeal to the same
register on the left, thus violating the copyless restriction.

The solution to this problem is to restrict the configuration
graph to the reachable configurations, as in the following
picture

a6a1 a5 a7a2 a8a3 a9a4

This will solve the problem of common successors, since a
reachable configuration has at most one incoming transition;
otherwise the transducer would loop. Therefore, the function
computed by the two-way automaton can be represented
as a composition of two functions: (a) compute the graph
that represents the reachable configurations; followed by (b)
compute the output string. As we have argued above, (b) can
be computed by a copyless streaming string transducer using
Shepherdson profiles. The string-to-string function in (a) can
be computed, also using the Shepherdson construction, by
a composition of two Mealy machines: (a1) a usual Mealy
machine that runs first-to-last, followed by (a2) a Mealy ma-
chine that runs last-to-first. It remains to show that streaming
string transducers are closed under pre-compositions with
Mealy machines of both kinds, i.e. first-to-last and last-to-
first. For first-to-last Mealy machines, there is nothing to
do, since their states can be integrated into the state of the
streaming string transducer. The remaining part is last-to-
first:

Lemma 7.4. Functions computed by streaming string trans-
ducers are closed under pre-composition with last-to-first Mealy
machines.

Another way of stating the lemma is that one can add
regular lookahead to streaming string transducers without
affecting the expressive power of the model. The lemma can

The picture is indeed a forest, thanks to the copyless restric-
tion; without this restriction the picture would a bi-partite
graph. A sequence of n register updates can also be seen as
a forest of height at most n, as in the following picture:
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however, is that this update is not copyless. The problem is
that in the transition graph of the two-way automaton, there
might be two configurations with the same successor, as in
the following picture:

In such a situation, the registers corresponding to both con-
figurations on the right will need to appeal to the same
register on the left, thus violating the copyless restriction.

The solution to this problem is to restrict the configuration
graph to the reachable configurations, as in the following
picture
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This will solve the problem of common successors, since a
reachable configuration has at most one incoming transition;
otherwise the transducer would loop. Therefore, the function
computed by the two-way automaton can be represented
as a composition of two functions: (a) compute the graph
that represents the reachable configurations; followed by (b)
compute the output string. As we have argued above, (b) can
be computed by a copyless streaming string transducer using
Shepherdson profiles. The string-to-string function in (a) can
be computed, also using the Shepherdson construction, by
a composition of two Mealy machines: (a1) a usual Mealy
machine that runs first-to-last, followed by (a2) a Mealy ma-
chine that runs last-to-first. It remains to show that streaming
string transducers are closed under pre-compositions with
Mealy machines of both kinds, i.e. first-to-last and last-to-
first. For first-to-last Mealy machines, there is nothing to
do, since their states can be integrated into the state of the
streaming string transducer. The remaining part is last-to-
first:

Lemma 7.4. Functions computed by streaming string trans-
ducers are closed under pre-composition with last-to-first Mealy
machines.

Another way of stating the lemma is that one can add
regular lookahead to streaming string transducers without
affecting the expressive power of the model. The lemma can

A circle in the picture represents the value of a register (rows)
in an input position (columns). The output corresponding
to a circle is computed by traversing the corresponding tree
using depth-first search, which is something that can be
implemented by a two-way automaton.

From two-way to streaming. Suppose that we want to sim-
ulate a two-way automaton with output using a streaming
string transducer. The basic idea is to implement the Shep-
herdson profile from the proof of Lemma 2.2, while storing
output strings in the registers. More precisely, after it has
read the prefix of the input that ends in a position x , the
streaming string transducer uses its registers to store the
outputs of runs that: (a) stay in this prefix; and (b) begin in the
initial configuration or a configuration with position x ; and
(c) end in the terminating configuration or a configuration
with position x . Here is a picture:
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ber of states, and thus fixed once the two-way automaton

is fixed. Therefore the outputs of these runs can be stored
in a fixed number of registers. Furthermore, the updates are
compositional, i.e. if we know the outputs corresponding to
position 𝑥 , then we can apply a register update to get the out-
puts corresponding to the next position 𝑥 + 1. The difficulty,
however, is that this update is not copyless. The problem is
that in the transition graph of the two-way automaton, there
might be two configurations with the same successor, as in
the following picture:

In such a situation, the registers corresponding to both con-
figurations on the right will need to appeal to the same
register on the left, thus violating the copyless restriction.

The solution to this problem is to restrict the configuration
graph to the reachable configurations, as in the following
picture
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This will solve the problem of common successors, since a
reachable configuration has at most one incoming transition;
otherwise the transducer would loop. Therefore, the function
computed by the two-way automaton can be represented
as a composition of two functions: (a) compute the graph
that represents the reachable configurations; followed by (b)
compute the output string. As we have argued above, (b) can
be computed by a copyless streaming string transducer using
Shepherdson profiles. The string-to-string function in (a) can
be computed, also using the Shepherdson construction, by
a composition of two Mealy machines: (a1) a usual Mealy
machine that runs first-to-last, followed by (a2) a Mealy ma-
chine that runs last-to-first. It remains to show that streaming
string transducers are closed under pre-compositions with
Mealy machines of both kinds, i.e. first-to-last and last-to-
first. For first-to-last Mealy machines, there is nothing to
do, since their states can be integrated into the state of the
streaming string transducer. The remaining part is last-to-
first:

Lemma 7.4. Functions computed by streaming string trans-
ducers are closed under pre-composition with last-to-first Mealy
machines.

Another way of stating the lemma is that one can add
regular lookahead to streaming string transducers without
affecting the expressive power of the model. The lemma can

The number of such runs is at most quadratic in the num-
ber of states, and thus fixed once the two-way automaton

is fixed. Therefore the outputs of these runs can be stored
in a fixed number of registers. Furthermore, the updates are
compositional, i.e. if we know the outputs corresponding to
position x , then we can apply a register update to get the out-
puts corresponding to the next position x + 1. The difficulty,
however, is that this update is not copyless. The problem is
that in the transition graph of the two-way automaton, there
might be two configurations with the same successor, as in
the following picture:
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puts corresponding to the next position 𝑥 + 1. The difficulty,
however, is that this update is not copyless. The problem is
that in the transition graph of the two-way automaton, there
might be two configurations with the same successor, as in
the following picture:

In such a situation, the registers corresponding to both con-
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register on the left, thus violating the copyless restriction.

The solution to this problem is to restrict the configuration
graph to the reachable configurations, as in the following
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This will solve the problem of common successors, since a
reachable configuration has at most one incoming transition;
otherwise the transducer would loop. Therefore, the function
computed by the two-way automaton can be represented
as a composition of two functions: (a) compute the graph
that represents the reachable configurations; followed by (b)
compute the output string. As we have argued above, (b) can
be computed by a copyless streaming string transducer using
Shepherdson profiles. The string-to-string function in (a) can
be computed, also using the Shepherdson construction, by
a composition of two Mealy machines: (a1) a usual Mealy
machine that runs first-to-last, followed by (a2) a Mealy ma-
chine that runs last-to-first. It remains to show that streaming
string transducers are closed under pre-compositions with
Mealy machines of both kinds, i.e. first-to-last and last-to-
first. For first-to-last Mealy machines, there is nothing to
do, since their states can be integrated into the state of the
streaming string transducer. The remaining part is last-to-
first:

Lemma 7.4. Functions computed by streaming string trans-
ducers are closed under pre-composition with last-to-first Mealy
machines.

Another way of stating the lemma is that one can add
regular lookahead to streaming string transducers without
affecting the expressive power of the model. The lemma can

In such a situation, the registers corresponding to both con-
figurations on the right will need to appeal to the same
register on the left, thus violating the copyless restriction.

The solution to this problem is to restrict the configuration
graph to the reachable configurations, as in the following
picture
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that in the transition graph of the two-way automaton, there
might be two configurations with the same successor, as in
the following picture:

In such a situation, the registers corresponding to both con-
figurations on the right will need to appeal to the same
register on the left, thus violating the copyless restriction.

The solution to this problem is to restrict the configuration
graph to the reachable configurations, as in the following
picture

a6a1 a5 a7a2 a8a3 a9a4

This will solve the problem of common successors, since a
reachable configuration has at most one incoming transition;
otherwise the transducer would loop. Therefore, the function
computed by the two-way automaton can be represented
as a composition of two functions: (a) compute the graph
that represents the reachable configurations; followed by (b)
compute the output string. As we have argued above, (b) can
be computed by a copyless streaming string transducer using
Shepherdson profiles. The string-to-string function in (a) can
be computed, also using the Shepherdson construction, by
a composition of two Mealy machines: (a1) a usual Mealy
machine that runs first-to-last, followed by (a2) a Mealy ma-
chine that runs last-to-first. It remains to show that streaming
string transducers are closed under pre-compositions with
Mealy machines of both kinds, i.e. first-to-last and last-to-
first. For first-to-last Mealy machines, there is nothing to
do, since their states can be integrated into the state of the
streaming string transducer. The remaining part is last-to-
first:

Lemma 7.4. Functions computed by streaming string trans-
ducers are closed under pre-composition with last-to-first Mealy
machines.

Another way of stating the lemma is that one can add
regular lookahead to streaming string transducers without
affecting the expressive power of the model. The lemma can

This will solve the problem of common successors, since a
reachable configuration has at most one incoming transition;
otherwise the transducer would loop. Therefore, the function
computed by the two-way automaton can be represented
as a composition of two functions: (a) compute the graph
that represents the reachable configurations; followed by (b)
compute the output string. As we have argued above, (b) can
be computed by a copyless streaming string transducer using
Shepherdson profiles. The string-to-string function in (a) can
be computed, also using the Shepherdson construction, by
a composition of two Mealy machines: (a1) a usual Mealy
machine that runs first-to-last, followed by (a2) a Mealy ma-
chine that runs last-to-first. It remains to show that streaming
string transducers are closed under pre-compositions with
Mealy machines of both kinds, i.e. first-to-last and last-to-
first. For first-to-last Mealy machines, there is nothing to
do, since their states can be integrated into the state of the
streaming string transducer. The remaining part is last-to-
first:

Lemma 7.4. Functions computed by streaming string trans-
ducers are closed under pre-composition with last-to-first Mealy
machines.

Another way of stating the lemma is that one can add
regular lookahead to streaming string transducers without
affecting the expressive power of the model. The lemma can
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be proved directly, see e.g. [7, Section 13.2], or as a corollary
of the Krohn-Rhodes Theorem: similarly to Example 7, it is
enough to show pre-composition under (the last-to-first vari-
ants of) prime Mealy machines, which is a straightforward
exercise. □

7.2.2 Layered streaming string transducers. Having defined
streaming string transducers, we are now ready to explain
how they copyless restriction can be relaxed to obtain poly-
nomial growth instead of just linear growth.
How can we guarantee that the output has polynomial

growth, say quadratic growth? One idea is to group the
registers into two layers, linear and quadratic. The linear
registers can only depend on linear ones, and the dependency
must be copyless. The quadratic registers can depend on
both linear and quadratic registers, and the dependency on
quadratic (but not linear) registers must be copyless. This
idea is illustrated in the following example.

Example 13. Suppose that we want to map a string to all
of its prefixes, as in the following example:

abc 7→ aababc .

A natural implementation of this function is a register trans-
ducer, which has a register X storing the current prefix, and
a register Y storing the output. When reading an input letter
a, the registers are updated as follows:
X := Xx

Y := YX

This register update is not copyless, since register X appears
twice in the right hand sides. However, it satisfies a more
relaxed layered condition, if we think of X as being linear
and Y as being quadratic. □

The idea from the above example is formalized as follows.
For k ∈ {1, 2, . . .}, a k-layered streaming string transducer
is defined in the same way as a streaming string transducer,
except for the following differences. First, each register is
assigned a layer in {1, . . . ,k}. Second, instead of being copy-
less, each register update must be layered copyless in the
following sense: for every layer ℓ, concatenating the right
hand sides of all registers of layer ℓ gives a string where:
(a) only output letters and registers from layers {1, . . . , ℓ}
can appear; and (b) each register of layer ℓ appears at most
once. The point of this restriction is that if the input length
is n, then a register on layer ℓ will store a string whose
length is O(nℓ). In particular, the function computed by such
a transducer will have polynomial growth. Furthermore, in
the special case of k = 1, we recover the original notion of
streaming string transducers.
The following theorem shows, in particular, that the lay-

ered streaming string transducers correspond to a special
case of the polyregular functions.

Theorem 7.5. [15, Corollary 18] Let k ∈ {1, 2 . . .}. The
following models describe the same string-to-string functions

(1) k-layered streaming string transducers;
(2) k-pebble transducers that satisfy have the following

monotonicity property:
(*) For every reachable configuration, say with a stack of

height ℓ ∈ {1, . . . ,k}, the pebbles are ordered in the
input string in a non-decreasing way
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be proved directly, see e.g. [7, Section 13.2], or as a corollary
of the Krohn-Rhodes Theorem: similarly to Example 7, it is
enough to show pre-composition under (the last-to-first vari-
ants of) prime Mealy machines, which is a straightforward
exercise. ◻
7.2.2 Layered streaming string transducers. Having de-
fined streaming string transducers, we are now ready to ex-
plain how they copyless restriction can be relaxed to obtain
polynomial growth instead of just linear growth.
How can we guarantee that the output has polynomial

growth, say quadratic growth? One idea is to group the
registers into two layers, linear and quadratic. The linear
registers can only depend on linear ones, and the dependency
must be copyless. The quadratic registers can depend on
both linear and quadratic registers, and the dependency on
quadratic (but not linear) registers must be copyless. This
idea is illustrated in the following example.

Example 13. Suppose that we want to map a string to all
of its prefixes, as in the following example:

𝑎𝑏𝑐 ↦ 𝑎𝑎𝑏𝑎𝑏𝑐.

A natural implementation of this function is a register trans-
ducer, which has a register X storing the current prefix, and
a register Y storing the output. When reading an input letter
𝑎, the registers are updated as follows:

X := Xx

Y := YX

This register update is not copyless, since register X appears
twice in the right hand sides. However, it satisfies a more
relaxed layered condition, if we think of X as being linear
and Y as being quadratic. ◻

The idea from the above example is formalized as follows.
For 𝑘 ∈ {1, 2, . . .}, a 𝑘-layered streaming string transducer is
defined in the same way as a streaming string transducer,
except for the following differences. First, each register is
assigned a layer in {1, . . . , 𝑘}. Second, instead of being copy-
less, each register update must be layered copyless in the
following sense: for every layer ℓ , concatenating the right
hand sides of all registers of layer ℓ gives a string where: (a)
only output letters and registers from layers {1, . . . , ℓ} can
appear; and (b) each register of layer ℓ appears at most once.
The point of this restriction is that if the input length is 𝑛,
then a register on layer ℓ will store a string whose length
is 𝒪(𝑛ℓ). In particular, the function computed by such a
transducer will have polynomial growth. Furthermore, in
the special case of 𝑘 = 1, we recover the original notion of
streaming string transducers.
The following theorem shows, in particular, that the lay-

ered streaming string transducers correspond to a special
case of the polyregular functions.

Theorem 7.5. [15, Corollary 18] Let 𝑘 ∈ {1, 2 . . .}. The fol-
lowing models describe the same string-to-string functions

1. 𝑘-layered streaming string transducers;
2. 𝑘-pebble transducers that satisfy have the following

monotonicity property:
(*) For every reachable configuration, say with a stack of

height ℓ ∈ {1, . . . , 𝑘}, the pebbles are ordered in the
input string in a non-decreasing way

𝑥ℓ⟩︀
head, i.e. the

top of the stack

≤ ⋯ ≤ 𝑥1⟩︀
bottom of
stack

.

3. copyful streaming string transducer of growth rate𝒪(𝑛𝑘)
We do not present the proof here. The equivalence of the

first two items uses an adaptation of the correspondence of
two-way automata and streaming string transducers from
Theorem 7.3. The second item in the theorem demonstrates
that the class is a subclass of the polyregular functions. It is a
proper subclass. For example, the class of functions from the
above theorem does not cover the squaring function from
Example 3, and even the following weaker function

𝑎𝑛 ⋃︀𝑤 ↦ 𝑤𝑛 where𝑤 ∈ {𝑎,𝑏}∗,
see [15, Claim 37]. Also, layered streaming string transducers
are not closed under composition (even if we allow more
layers).

7.3 Comparison free polyregular functions
The last subclass of polyregular functions that we present
is the comparison-free polyregular functions of Nguyên et al.
This subclass is described in the following theorem, whose
proof we do not summarize here.

Theorem 7.6. [30, Theorem 6.1 and Corollary 5.7] The follow-
ing models describe the same class of string-to-string functions:

1. Pebble transducers which are not allowed to ask any
question of the form● is the 𝑖-th pebble to the left of the 𝑗-th pebble?

2. The least class of string-to-string functions which is
closed under composition, contains all linear regular
functions, and contains the following function for every
input alphabet Σ:

𝑎1⋯𝑎𝑛)︁⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
𝑤

↦ ⋃︀𝑎1𝑤 ⋃︀𝑎2𝑤⋯⋃︀𝑎𝑛𝑤
3. The least class of string-to-string functions which con-

tains all linear regular functions, and has the following
closure property: if 𝑔 ∶ Σ∗ → Δ∗ is in the class, and

{𝑓𝑖 ∶ Σ∗ → Γ∗}𝑖∈Δ
are all in the class, then so is

𝑤 ↦ 𝑓𝑖1(𝑤)⋯𝑓𝑖𝑛(𝑤) where 𝑔(𝑤) = 𝑖1⋯𝑖𝑛 .

(3) copyful streaming string transducer of growth rateO(nk )

We do not present the proof here. The equivalence of the
first two items uses an adaptation of the correspondence of
two-way automata and streaming string transducers from
Theorem 7.3. The second item in the theorem demonstrates
that the class is a subclass of the polyregular functions. It is a
proper subclass. For example, the class of functions from the
above theorem does not cover the squaring function from
Example 3, and even the following weaker function

an |w 7→ wn wherew ∈ {a,b}∗,

see [15, Claim 37]. Also, layered streaming string transducers
are not closed under composition (even if we allow more
layers).

7.3 Comparison free polyregular functions
The last subclass of polyregular functions that we present
is the comparison-free polyregular functions of Nguyên et al.
This subclass is described in the following theorem, whose
proof we do not summarize here.

Theorem 7.6. [30, Theorem 6.1 and Corollary 5.7] The fol-
lowing models describe the same class of string-to-string func-
tions:

(1) Pebble transducers which are not allowed to ask any
question of the form
• is the i-th pebble to the left of the j-th pebble?

(2) The least class of string-to-string functions which is
closed under composition, contains all linear regular
functions, and contains the following function for every
input alphabet Σ:

a1 · · ·an︸   ︷︷   ︸
w

7→ |a1w |a2w · · · |anw

(3) The least class of string-to-string functions which con-
tains all linear regular functions, and has the following
closure property: if д : Σ∗ → ∆∗ is in the class, and

{ fi : Σ∗ → Γ∗}i ∈∆
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are all in the class, then so is

w 7→ fi1 (w) · · · fin (w) where д(w) = i1 · · · in .

Furthermore, the class from the above theorem, call it
the comparison-free polyregular functions, coincides with a
certain λ-calculus with linear types [29, Theorem 7.2].

7.4 All sub-classes are incomparable
All of the classes discussed in this section are incomparable.
Here are two functions, see [30, Theorems 8.1 and 8.3], that
witness incomparability of the comparison-free class from
Theorem 7.6 and the layered class from Theorem 7.5:
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Furthermore, the class from the above theorem, call it
the comparison-free polyregular functions, coincides with a
certain _-calculus with linear types [29, Theorem 7.2].

7.4 All sub-classes are incomparable
All of the classes discussed in this section are incomparable.
Here are two functions, see [30, Theorems 8.1 and 8.3], that
witness incomparability of the comparison-free class from
Theorem 7.6 and the layered class from Theorem 7.5:

𝑎𝑛 ↦ (𝑎𝑛𝑏)𝑛+1)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
comparison-free
but not layered

𝑎𝑛 ↦ 𝑏𝑎𝑛−1𝑏𝑎𝑛−2⋯𝑏𝑎𝑏)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
layered but not
comparison-free

Both subclasses are proper, since none of them contains the
squaring function from Example 3. All of these examples are
first-order definable, but if we add some parity conditions,
e.g. inputs of even length are mapped to the empty string,
then the new functions are no longer first-order definable.
Putting these observations together, we see that there are
no non-trivial relationships between polyregular functions
and the three subclasses discussed in this section.

8 The equivalence problem
An important open problem for polyregular functions is
decidability of the equivalence problem.

Open problem. Can one decide, given two polyregular
functions, if they are equivalent in the sense that for
every input string the two output strings are equal?

The decidable problem in Corollary 1.5 can be seen as
a special case of the open problem, where only functions
with Boolean outputs are considered. Therefore, the non-
elementary hardness is inherited from the problem in Corol-
lary 1.5 and this hardness holds regardless of the choice
of representation, i.e. if the inputs could be given as for-
transducers, pebble transducers, polyregular _-terms, etc.

An interesting known decidable case for the equivalence
problem is the string-to-number case, i.e. polyregular func-
tionswith a one letter output alphabet. (If the output alphabet
has one letter, then an output string is the same thing as a
natural number.)

Theorem 8.1. [14, Corollary 19] The equivalence problem is
decidable for string-to-number polyregular functions.

Proof
In the proof, we use weighted automata over the semiring
of natural numbers. Such an automaton consists of an input
alphabet Σ, a set of states 𝑄 , and three weight functions of
types

𝛿 ∶ 𝑄 × Σ ×𝑄 → {0, 1, . . .})︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
weights of transitions

𝐼 , 𝐹 ∶ 𝑄 → {0, 1, . . .})︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
initial and final weights

.

A run is defined as usual. The weight of a run is defined to be
the product of: the initial weight of the first state, the weights

of all transitions (including repetitions), and the final weight
of the last state. The semantics of a weighted automaton is
the string-to-number function which maps an input string
to the sum of weights of all possible runs over it.
The following lemma shows that polyregular string-to-

number functions are exactly the weighted automata of poly-
nomial growth. In the lemma, whenwe talk about the growth
of a string-to-number function, we mean the magnitude of
the output number, and not the number of bits used to rep-
resent it. In other words, we use the unary, and not binary,
representation of the output number.

Lemma 8.2. A string-to-number function is polyregular if
and only if it has polynomial growth and it is computed by a
weighted automaton.

Proof (of Lemma 8.2)
We begin with the right-to-left direction:

weighted automaton of polynomial growth

copyful streaming string transducer with a
one letter output alphabet and polynomial growth

layered streaming string transducer

polyregular function

the models are essentially
the same, see [7, Lemma 8.3]

Theorem ??

Theorem 7.5

Consider now the left-to-right direction in the the lemma.
Assume that the polyregular function is given in the normal
form Lemma 5.3, i.e. it has the shape

for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

The epilogue is a string-to-number function, which outputs
numbers of bounded size, since it has no loops. This function
can easily be computed by a weighted automaton, since
for each of the finitely many possible output numbers𝑚 ∈{0, 1, . . .}, the set of input strings where the epilogue outputs
𝑚 is a regular language.

Consider now the part of the for-transducer before the
epilogue, the one which uses loops. For ℓ ∈ {0, . . . , 𝑘}, the
innermost 𝑘 − ℓ loops in the for-transducer can be viewed
as for-program that that inputs a string with ℓ distinguished
positions, representing the variables in the outermost loops,
and which outputs a number. This for-program can be seen
as a string-to-number function, call it 𝑓ℓ , assuming that the
stringwith ℓ distinguished positions is represented as a string

Both subclasses are proper, since none of them contains the
squaring function from Example 3. All of these examples are
first-order definable, but if we add some parity conditions,
e.g. inputs of even length are mapped to the empty string,
then the new functions are no longer first-order definable.
Putting these observations together, we see that there are no
non-trivial relationships between polyregular functions and
the three subclasses discussed in this section.

8 THE EQUIVALENCE PROBLEM
An important open problem for polyregular functions is
decidability of the equivalence problem.

Open problem. Can one decide, given two polyregular
functions, if they are equivalent in the sense that for
every input string the two output strings are equal?

The decidable problem in Corollary 1.5 can be seen as
a special case of the open problem, where only functions
with Boolean outputs are considered. Therefore, the non-
elementary hardness is inherited from the problem in Corol-
lary 1.5 and this hardness holds regardless of the choice
of representation, i.e. if the inputs could be given as for-
transducers, pebble transducers, polyregular λ-terms, etc.

An interesting known decidable case for the equivalence
problem is the string-to-number case, i.e. polyregular func-
tionswith a one letter output alphabet. (If the output alphabet
has one letter, then an output string is the same thing as a
natural number.)

Theorem 8.1. [14, Corollary 19] The equivalence problem
is decidable for string-to-number polyregular functions.

Proof
In the proof, we use weighted automata over the semiring
of natural numbers. Such an automaton consists of an input
alphabet Σ, a set of states Q , and three weight functions of

types
δ : Q × Σ ×Q → {0, 1, . . .}︸                             ︷︷                             ︸

weights of transitions

I , F : Q → {0, 1, . . .}︸                    ︷︷                    ︸
initial and final weights

.

A run is defined as usual. The weight of a run is defined to be
the product of: the initial weight of the first state, the weights
of all transitions (including repetitions), and the final weight
of the last state. The semantics of a weighted automaton is
the string-to-number function which maps an input string
to the sum of weights of all possible runs over it.
The following lemma shows that polyregular string-to-

number functions are exactly the weighted automata of poly-
nomial growth. In the lemma, when we talk about the growth
of a string-to-number function, we mean the magnitude of
the output number, and not the number of bits used to rep-
resent it. In other words, we use the unary, and not binary,
representation of the output number. □

Lemma 8.2. A string-to-number function is polyregular if
and only if it has polynomial growth and it is computed by a
weighted automaton.

Proof (of Lemma 8.2)
We begin with the right-to-left direction:
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Furthermore, the class from the above theorem, call it
the comparison-free polyregular functions, coincides with a
certain _-calculus with linear types [29, Theorem 7.2].

7.4 All sub-classes are incomparable
All of the classes discussed in this section are incomparable.
Here are two functions, see [30, Theorems 8.1 and 8.3], that
witness incomparability of the comparison-free class from
Theorem 7.6 and the layered class from Theorem 7.5:

𝑎𝑛 ↦ (𝑎𝑛𝑏)𝑛+1)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
comparison-free
but not layered

𝑎𝑛 ↦ 𝑏𝑎𝑛−1𝑏𝑎𝑛−2⋯𝑏𝑎𝑏)︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
layered but not
comparison-free

Both subclasses are proper, since none of them contains the
squaring function from Example 3. All of these examples are
first-order definable, but if we add some parity conditions,
e.g. inputs of even length are mapped to the empty string,
then the new functions are no longer first-order definable.
Putting these observations together, we see that there are
no non-trivial relationships between polyregular functions
and the three subclasses discussed in this section.

8 The equivalence problem
An important open problem for polyregular functions is
decidability of the equivalence problem.

Open problem. Can one decide, given two polyregular
functions, if they are equivalent in the sense that for
every input string the two output strings are equal?

The decidable problem in Corollary 1.5 can be seen as
a special case of the open problem, where only functions
with Boolean outputs are considered. Therefore, the non-
elementary hardness is inherited from the problem in Corol-
lary 1.5 and this hardness holds regardless of the choice
of representation, i.e. if the inputs could be given as for-
transducers, pebble transducers, polyregular _-terms, etc.

An interesting known decidable case for the equivalence
problem is the string-to-number case, i.e. polyregular func-
tionswith a one letter output alphabet. (If the output alphabet
has one letter, then an output string is the same thing as a
natural number.)

Theorem 8.1. [14, Corollary 19] The equivalence problem is
decidable for string-to-number polyregular functions.

Proof
In the proof, we use weighted automata over the semiring
of natural numbers. Such an automaton consists of an input
alphabet Σ, a set of states 𝑄 , and three weight functions of
types

𝛿 ∶ 𝑄 × Σ ×𝑄 → {0, 1, . . .})︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
weights of transitions

𝐼 , 𝐹 ∶ 𝑄 → {0, 1, . . .})︁⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂]︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂⌊︂)︂
initial and final weights

.

A run is defined as usual. The weight of a run is defined to be
the product of: the initial weight of the first state, the weights

of all transitions (including repetitions), and the final weight
of the last state. The semantics of a weighted automaton is
the string-to-number function which maps an input string
to the sum of weights of all possible runs over it.
The following lemma shows that polyregular string-to-

number functions are exactly the weighted automata of poly-
nomial growth. In the lemma, whenwe talk about the growth
of a string-to-number function, we mean the magnitude of
the output number, and not the number of bits used to rep-
resent it. In other words, we use the unary, and not binary,
representation of the output number.

Lemma 8.2. A string-to-number function is polyregular if
and only if it has polynomial growth and it is computed by a
weighted automaton.

Proof (of Lemma 8.2)
We begin with the right-to-left direction:

weighted automaton of polynomial growth

copyful streaming string transducer with a
one letter output alphabet and polynomial growth

layered streaming string transducer

polyregular function

the models are essentially
the same, see [7, Lemma 8.3]

Theorem

Theorem 7.5

Consider now the left-to-right direction in the the lemma.
Assume that the polyregular function is given in the normal
form Lemma 5.3, i.e. it has the shape

for 𝑥1 in 𝜏1
for 𝑥2 in 𝜏2
...

for 𝑥𝑘 in 𝜏𝑘

body

epilogue

The epilogue is a string-to-number function, which outputs
numbers of bounded size, since it has no loops. This function
can easily be computed by a weighted automaton, since
for each of the finitely many possible output numbers𝑚 ∈{0, 1, . . .}, the set of input strings where the epilogue outputs
𝑚 is a regular language.

Consider now the part of the for-transducer before the
epilogue, the one which uses loops. For ℓ ∈ {0, . . . , 𝑘}, the
innermost 𝑘 − ℓ loops in the for-transducer can be viewed
as for-program that that inputs a string with ℓ distinguished
positions, representing the variables in the outermost loops,
and which outputs a number. This for-program can be seen
as a string-to-number function, call it 𝑓ℓ , assuming that the
stringwith ℓ distinguished positions is represented as a string

7.6

□

Consider now the left-to-right direction in the the lemma.
Assume that the polyregular function is given in the normal
form Lemma 5.3, i.e. it has the shape

for x1 in τ1
for x2 in τ2
...

for xk in τk
body

epilogue

The epilogue is a string-to-number function, which outputs
numbers of bounded size, since it has no loops. This function
can easily be computed by a weighted automaton, since
for each of the finitely many possible output numbersm ∈

{0, 1, . . .}, the set of input strings where the epilogue outputs
m is a regular language.
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Consider now the part of the for-transducer before the
epilogue, the one which uses loops. For ℓ ∈ {0, . . . ,k}, the
innermost k − ℓ loops in the for-transducer can be viewed
as for-program that that inputs a string with ℓ distinguished
positions, representing the variables in the outermost loops,
and which outputs a number. This for-program can be seen
as a string-to-number function, call it fℓ , assuming that the
stringwith ℓ distinguished positions is represented as a string
over 2ℓ disjoint copies of the input alphabet, see the com-
ments before Lemma 1.3. By induction on k−ℓ, we show that
the function fℓ is computed by a weighted automaton. This
proof is the same as for Lemma 1.3. In the induction basis of
ℓ = k , we use the same argument as for the epilogue, since
the function has outputs of bounded size. In the induction
step, we observe that the function fℓ is obtained from fℓ+1
by applying the following claim.

Claim 8.3. Consider two disjoint copies Σ and Σ of a finite
input alphabet. If a string-to-number function

f : (Σ + Σ)∗ → {0, 1, . . .}

is computed by weighted automaton, then the same is true for
the string-to-number function defined by
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over 2ℓ disjoint copies of the input alphabet, see the com-
ments before Lemma 1.3. By induction on 𝑘−ℓ , we show that
the function 𝑓ℓ is computed by a weighted automaton. This
proof is the same as for Lemma 1.3. In the induction basis of
ℓ = 𝑘 , we use the same argument as for the epilogue, since
the function has outputs of bounded size. In the induction
step, we observe that the function 𝑓ℓ is obtained from 𝑓ℓ+1
by applying the following claim.

Claim 8.3. Consider two disjoint copies Σ and Σ of a finite
input alphabet. If a string-to-number function

𝑓 ∶ (Σ + Σ)∗ → {0, 1, . . .}
is computed by weighted automaton, then the same is true for
the string-to-number function defined by

𝑎1⋯𝑎𝑛 ∈ Σ∗ ↦ 𝑛∑
𝑖=1

𝑓 (𝑎1⋯𝑎𝑖−1 𝑎𝑖⟩︀
the 𝑖-th input position is

distinguished using the second copy Σ

𝑎𝑖+1⋯𝑎𝑛).

Proof
The weighted automaton for the function in the conclusion
of the claim uses nondeterminism to guess the distinguished
position. ◻

The claim completes the proof of the lemma about polyreg-
ular string-to-number functions being equivalent toweighted
automata of polynomial growth. ◻
To complete the proof of Theorem 8.1 we only need to

left-to-right direction in the lemma. Indeed, by this direc-
tion, equivalence for polyregular string-to-number functions
reduces to equivalence for weighted automata. The latter
problem is decidable, even with weights that are rational
numbers. The algorithm dates back to the original paper of
Schützenberger that introduces weighted automata over a
field [32], see also [7, Section 8] for a proof. ◻
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Proof
The weighted automaton for the function in the conclusion
of the claim uses nondeterminism to guess the distinguished
position. □

The claim completes the proof of the lemma about polyreg-
ular string-to-number functions being equivalent toweighted
automata of polynomial growth.
To complete the proof of Theorem 8.1 we only need to

left-to-right direction in the lemma. Indeed, by this direc-
tion, equivalence for polyregular string-to-number functions
reduces to equivalence for weighted automata. The latter
problem is decidable, even with weights that are rational
numbers. The algorithm dates back to the original paper of
Schützenberger that introduces weighted automata over a
field [32], see also [7, Section 8] for a proof.
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