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The elementary affine λ -calculus was introduced as a polyvalent setting for implicit computational
complexity, allowing for characterizations of polynomial time and hyperexponential time predicates.
We show that interesting perspectives for sub-polynomial complexity arise when we remove a certain
feature (namely, recursive types) from the type system of this programming language.
Using Church-encoded strings, we capture regular languages, and of two different classes of
transductions (functions from strings to strings which admit automata-theoretic definitions). As far
as we know, this is the first time transduction classes are characterized in a “purely logical” functional
calculus (concretely, in a programming language without a primitive data type for strings or lists).
Alternatively, we may choose to represent inputs as finite relational structures (finite models),
taking inspiration from the work of Hillebrand et al. in the 90’s on expressing database queries in the
λ -calculus. Following this train of thought, we obtain what we believe to be a characterization of
deterministic logarithmic space. So far, in a joint work with Pierre Pradic (accepted for presentation
at ICALP 2019), we have managed to prove some encouraging partial results towards this conjecture.

1

Affine types for implicit computational complexity

The starting point of our work is the elementary affine λ -calculus [4], a typed functional programming
language whose purpose is to characterize complexity classes. (This is the “type-theoretic” or “CurryHoward” approach to implicit complexity.) It has the advantage of allowing multiple different classes to
be captured in the same language, by merely changing the type of programs:
Theorem 1.1 (Baillot, De Benedetti and Ronchi [4]). The programs of type !Str ( !k+2 Bool in the
elementary affine λ -calculus decide exactly the languages in the class k-EXPTIME.
In particular, !Str ( !!Bool corresponds to polynomial time (P).
This is a simplification of an earlier result [3] taking place in a variant of Elementary Linear Logic1 .
The latter was originally introduced by Girard [9] in order to characterize the elementary recursive functions. Here are some indications for the reader unfamiliar with linear or affine type systems:
• a program of type A ( B uses its input of type A at most once to produce its output of type B;
• !A means roughly “as many A’s as you want”, so a function which uses its argument multiple times
can be given a type of the form !A ( B;
• in usual linear or affine logic, one can convert a !A into a A; however, in the elementary affine
λ -calculus, there is a restriction which makes the exponential depth (number of ‘!’ modalities)
meaningful, one cannot perform such a depth-changing operation – this is why the depth k of the
output !k Bool (i.e. ! . . . !Bool with k ‘!’) controls the complexity;
1 Baillot’s

original result [3] used Second-order Intuitionistic Elementary Affine Logic with least fixpoints. The elementary
affine λ -calculus is a Curry-Howard counterpart of this logic as a typed λ -calculus; it simplifies it in some ways, and adds some
tweaks to ensure desirable properties from a programming language point of view, such as subject reduction.
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• Str = ∀α. Str[α], with Str[α] = !(α ( α) ( !(α ( α) ( !(α ( α), is the type of Church
encodings of binary strings: the string w1 . . . wn is represented as the function which, for any type
A takes f0 : A ( A, f1 : A ( A and returns fw1 ◦ . . . ◦ fwn .
The proof of Theorem 1.1 relies on the presence of recursive types in the type system to guarantee
expressivity. A typical example is the type of Scott integers2 NatS := ∀α. α ( (NatS ( α) ( α: in the
elementary affine λ -calculus as defined in [4], this equation is a valid type definition3 .
The starting point of our story is to ask whether recursive types really are needed for the above
theorem – if the goal is merely to characterize elementary recursive functions, then it is not the case.
It turns out that they are indeed necessary for the characterization of P. Indeed, let us call EAλ the
elementary affine λ -calculus without recursive types; then:
Theorem 1.2. The EAλ -terms (i.e programs in EAλ ) of type !Str ( !!Bool decide exactly the regular
languages. This is also the case for the EAλ -terms of type Str ( !Bool.
We recently proved this theorem (or rather the analogous statement for Elementary Linear Logic)
in [17]. The proof techniques are quite different from those used in [4]. Instead, we take inspiration from
the tradition of implicit complexity in the simply typed λ -calculus, in particular from:
Theorem 1.3 (Hillebrand & Kanellakis [13]). Let A is a simple type and t be a term in the simply typed
λ -calculus of type Strλ [A] → Boolλ . Then t decides a regular language. Conversely, for every regular
language, there exists some type A and some t : Strλ [A] → Boolλ which decides it.
Here Strλ [A] = (A → A) → (A → A) → (A → A) and Boolλ = o → o → o, where o is a base type.
It should be noted at this point that regular languages are not quite a well-behaved complexity class,
e.g. they are not closed under AC0 reductions. The other side of the coin is that Theorem 1.2 hints at
a connection between affine typing and automata; and this connection clearly depends on the use of
Church encodings, in other words, on the representation of strings by their iterators. This opens up two
avenues for investigation:
• One can search for other automata-theoretic classes of interest that can be characterized in EAλ .
This is covered in section 2 for functions from strings to strings.
• On the other hand, one can hope to obtain a well-behaved sub-polynomial complexity class by
changing the representation of inputs: this is the subject of section 3.

2

Transductions over Church-encoded inputs

Regular functions are a well-known class of transductions whose canonicity is established by their many
equivalent defintions. By using the characterization by streaming string transducers [2], we prove:
Theorem 2.1. The type Str ( Str in EAλ captures exactly the regular functions.
As for the class of functions corresponding to the type !Str ( !Str, it doesn’t seem to be some preexisting widespread class of transductions. However, it admits a simple definition starting from regular
functions, and it is a subclass of the polyregular functions recently introduced by Bojańczyk [5].
Definition 2.2. Let f : Γ∗ → I ∗ , and for i ∈ I, gi : Γ∗ → Σ∗ . The composition by substitutions of f with
the family (gi )i∈I is the function CbS( f , (gi )i∈I ) : w 7→ gi1 (w) . . . gin (w) where f (w) = i1 . . . ik .
That is, we first apply f to the input, then every letter i in the result of f is substituted by (i.e.
expanded into) the image of the original input by gi . CbS( f , (gi )i∈I ) is thus a function Γ∗ → Σ∗ .
2 The

idea is that integers are represented by their “pattern-matching” function (destructor): if n is a Scott integer, then n x f
morally means case n | 0 7→ x | succ(m) 7→ f m.
3 Formally, one uses a type fixpoint operator to express this as Nat := µβ . ∀α. α ( (β ( α) ( α.
S
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Theorem 2.3. The type !Str ( !Str in EAλ captures exactly the smallest class containing regular
functions and closed under both composition by substitutions and usual composition of functions. (To be
precise, it contains exactly the functions over binary alphabets in this class.)
Remark 2.4. Given Theorem 1.3, another interesting question is about the string-to-string functions
definable in the simply typed λ -calculus. The functions implemented by Strλ [o] → Strλ [o] have been
given various characterizations [21, 15], but don’t seem to correspond to any automata-theoretic class.
But for the class of functions Strλ [A] → Strλ [o] where A may vary, not much is known about it,
except for a result by Joly [14] relating it to a complexity constraint on the untyped λ -calculus. We
have found a large class of transductions that can be expressed as λ -terms of such types: the closure
by composition of HDT0L transductions [20, 7]. We believe that this is a first step towards reviving
this question, after a few inexpressibility results by Statman (see [8]) suggested that it might not have a
satisfying answer.

3

Using finite models as inputs: towards logarithmic space queries

Our main inspiration here is Hillebrand’s PhD thesis [11], a junction point between implicit and descriptive complexity. The idea was to represent finite relational structures – a.k.a. finite models – inside
the simply typed λ -calculus, using them to represent the inputs to programs. By doing so, Hillebrand
et al. managed to characterize P [12], PSPACE [1] and k-EXPTIME/k-EXPSPACE [13] – the extensional completeness for the first two being established through descriptive complexity. (Actually, this
idea of representing inputs as finite models already appeared in the early history of implicit complexity:
Gurevich [10] showed in 1983 that in this setting, a form of primitive recursion captures deterministic
logarithmic space (L).)
Definition 3.1. Let us fix a first-order relational signature Σ, i.e. a list of relation symbols {≤, R1 . . . , Rk }
with their respective arities r0 = 2, r1 , . . . , rk . A totally ordered finite model D over Σ consists of a finite
set D and an interpretation RiD ⊆ Dri for each relation symbol, such that ≤D is a total order.
The total ordering assumption is usual in descriptive complexity. We represent a finite model using
the following EAλ types, where δ is a type variable corresponding to4 the type of domain elements:
• List[δ ] = ∀α.(!(δ ( α ( α) ( !(α ( α)) for the list of domain elements
• Relr [δ ] = δ ( . . . ( δ ( Bool (with r arguments) for r-ary relations
• C[δ ] = δ ( δ ⊗ δ to allow duplication of domain elements (A ⊗ B is an affine type for pairs5 )
The following is an adaptation to EAλ of a result obtained for Elementary Linear Logic in a joint
work with Pierre Pradic [18].
Theorem 3.2. The class of queries computed by EAλ programs of the type below is between L and NL:
∀δ .(!List[δ ] ( !!Relr0 [δ ] ( . . . ( !!Relrk ( !!C[δ ] ( !!Bool)
We have also achieved an exact characterization of L using an ad-hoc restriction of the type system.
But we believe this restriction is unneccessary:
Conjecture 3.3. The class of queries defined in the above theorem is exactly L.
Although several characterizations of logarithmic space have already been devised in variants of
linear logic [19, 6, 16], the above conjecture, if true, would arguably provide the most natural one.
4 For

a concrete finite model of domain size n, we instantiate δ = ∀α. α n ( α = ∀α. α ( . . . ( α (with n arguments).
may be encoded as A ⊗ B = ∀α. (A ( B ( α) ( α.
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